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LEVEL FIVE
INTRODUC T10N:

At this level most students will be capable of what Piaget described as concrete
thinking operations - reversibility of thought, use of compensating processes, reiating
of symbols to their referents, and the discrimination of linear, area, volume, and
weight factors.

Also at this level basic ideas developed K-4 will be reviewed through application
of them. New topics, or topics having increased emphasis inciude:

............. the integraticn of fraction ideas and place vaelue in
work with decimals
..completing open sentences
............. use of exponential and scientific notation
............. closure on muitiplicetion and division
............. graphing of two step operations
............. ex.ension of retio to direct proportions
............. areas and volumes of non-standard shapes
............. probiem solving that involves:
-extraneous data
-missing deta
-multiple answer problems
-use of logic
-use of frections and decimals
............. calculator activities
............. introduction of recursion in LOGO

Lessons are arronged by topics. Topics should be mastered before moving to
another. However, you must make deliberate attempts to reiate new materisis to
previousiy mastered material.

Work with celculators at this level should occupy more time then paper and
pencil computation activities.

Repest lessons as needed. Repeet or alter examples given to meet special needs.
A case in point might be using decimals or fractions in sample problems that use whole
numbers.

Most lessons given ONE explanatory example. Most lessons will require you use
more than the one before seat work is assigned.

At this level, number sentences 1o model real situations or verbally described
situations is necessery. Just as necessary is translating number sentences into rea!

and verbally described situations.



~ While emphasis IS on mastery of each concept, it is 8 good idea to
periodically bufld in an activity that reviews all concepts and skills
previously learned. Once each week is a good schedule for elementary
school. This cen be done oraily in the primary grades and with o written
exercise after symbolic representations heve been mastered. Since oll
operations arise from combining, separating, comparing and part whole
relations, as soon as the operation symbols are understood, these opsrations
should all be presented ot the same time in the written review exercises.

It is easier to do this et the beginning levels with orally presenied review
activities.

It is exiomsatic for good teaching thet past learnings should ALWAYS be
integrated inlo new leaming activities.
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Several commercial products are aviilable to supplement the lessons provided.
These include, by topic:

1c 0
KEYSTROKES SERIES

Eractions
FRACTION BARS WORKBOOKS 1 & 11
EVERYTHING'S COMING UP FRACTICNS

Tangrams
TANGRAMATH

GEOBLOCKS AND GEOQJACKETS
GEOBOARD ACTIVITY SHEETS
DOT PAPER GEOMETRY

Logic
ATTRIBUTE GAMES AKD PROBLEMS

ATTRIBUTE ACROBATICS
DISCOVERING LOGIC
ADVENTURES WITH LOGIC
PLAYING WITH LOGIC
(Cuisenaire)
LOGIC IN EASY STEPS
MINDBENDERS
{Midwest Publications)

Problem Selving
PROBLEM SOLVING EXPERIENCES IN MATHEMATICS
(Addison Wesley)
PROBLEM SOLVING IN MATHEMATICS - Lene County
(Dale Seymour)
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ASSESSMENTS TASKS (Level Five)

1. Give the student the following table of velues and ask him/her
to 1) find the equetion to find O for any given |, and 2) graph the
reletionship on the graph paper supplied.

AU‘IMQQNI"'
[
b

2. “For every 4 horses the circus has 3 large cats. The circus has
16 horses. How many large cats perform for the circus?”

3. Give the student 5 problems, - one requiring addition, one
subtraction, one multiplication, one division and one requiring
two of these four operations. {A sheet is attached for this and
Task 4.)

4. Give the student a problem without some piece of information needed
to find the answer.

9. Selecs an object in the room that is a uniform geometric shape.
Have the student find the area of the largest face and tne volume
of “e box, using a ruler to measure the dimensions.

6. Give the accompanying Fraction Test.

Full Tt Provided by ERIC.

%
ﬁi’.“-‘é‘ g



S

GEOMETRY: Show the student 3 different solid shapes - a cylinder, 8
trianguiar prism and a rectengular prism. The laatter two cen be Geoblocks.

_ Ask the student to:
. name each face
2. find the largest face
3. tell you how to find the area of each face
4. tell you how to find the volume in general
(area of base x height)

- OPEN SENTENCES: A test is supplied.

LOGIC: Show the student the following array of attribute blocks:

"Point to the pieces that are RED AND SQUARE.”

“Point to the pieces that are RED OR SQUARE "

"Point to the pieces that are NOT RED "

"Point to the pieces that are NOT SQUARE"

"Point to the pieces that are NOT (RED OR SQUARE)."

Remove th. cards.

“Give me an if-then sentence that is true about the pieces you see”

"Remove e piece so that your sentence no longer will be true”

o

Full Tt Provided by ERIC.

ERIC
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EXPONENTS

LOGO

CALCUATOR: Give the students the accompanying short test.

USING DATA: Give the students the accompanying problem.

TAKING A CHANCE:

“IT | have 4 red marbles and S green marbles in a bag, mix it well and reach
in and take a marble without looking, wnat is the probability of getting a
red marble?”

“If 1 get a red marble and keep it, reach in the bag as before and take a
second marble, what is the probability that it is red?”

“what is the probability of getting 2 red marbles in a row?"



LEVEL FIVE ASSESSMENT RECORD

Mathematician:
LEVEL OF MASTERY
Date: Date: Date:
rogress Mastery rogress | Masiery roqress Mastery
TOPIC . Attai ned Tade Attained do Attai ned
Finding Linear
Relationships
Ratic and
Proportion
Forining
Using

Using Operations

addition

subtraction

multiplication

division

Mixed Operations

Problems

Finding Answer

Recognizing Missing
Data Needed

Using Strategies

Guess & Check

Drawing Diagrams

Making Tables

Graphing

10




LEVEL FIVE ASSESSMENT RECQORD Pq. 2
LEYEL OF MASTERY
Date: Date: ) Date:
rogress | Mastery rogress | Mastery rogress | iastery
ade Altained tade Attained ade Attained
Feasurement B
Lengths
Areas
Yelumes
Fractions
operations

using operations
in problems

Decimals

operations

using operations
in probiems

| Computation in
Base Ten

paper & pencil

Geometry

areas

velumes

angles

11




LEVEL FIVE ASSESSMENT RECORD

LEVEL OF MASTERY

Date:

Date:

Date;

Progress

Mastery
Attained

Iﬁrogress

Master u
Attained

rogress
ade

Mastery
Attained

Oper. Sentences

Solving w/one
_operstion

Solving w/twe
opergtions or more

Logic

Applications

money

g¢istancestime

others

Exponents

Scientific Notation

Calculator Use

Using Data

Using LOGO

Probability

oo
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LEVEL FIVE ASSESSMENT WORKSHEET

Mathematician:

2 +5=13 3 5= 16

]

+6=4 3
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LEVEL FIVE ASSESSMENT WORKSHEET

Mathematician:

s

. The roduct of 2% and 2 3 is

2. Written in scientific notation, 4357 ic

3. DRAW

The result of following this LOGO program. Put an X where the
turtle is at the end of the program

TO BOXES

REPEAT 2 [REPEATAIFD 40 RT 90] FD 40]
END

4. Show hov the calculator keys should be pushed to do this calculation:
(45 % 13) + (284 = 12}

i
1

14




LEVEL FIVE ASSESSMENT WORKSHEET

Mathematician

“For the given data set, | {1) Put the data in order; (2) Found the range;
{2} Found the mean; (4) Graphed this information on the beam.”

DATA:
3015292112

RANGE

MEAN:

Label the Hi, Lo and mean below the beam.




Mathematician:

FRACTION TEST

123/4:22/3= | =15/8+11/2+23/4

L

/8 0f 13 1/2 s =2 1i1/2-17/8

Bill cut e board 12 ft. long into pieces | Tammy needs 3 pieces of ribbon 2° 4" long. How
2' 8" long. How many pieces did he get?| much ribbon should she ask the clerk for?
How long was the piece left over?

|

no. of pieces pieces left over

ft. in.

ft. in

WORK WORK

16




Mathematician:

FRACTION TEST

Tc make a shelf, Brenda needs 3 Tom needs 8 piece of lumber
pieces. Two are 1 3/4 ft.long and 3 3/41t. long. He cuts it from s
the 3rd is 2 5/8 ft. long. If she & ft. board. The saw uses 1/4".
allows 1/4" for each saw cut, how How long is the piece left?

long a piece should she start with?

ft. in

ft. in.

work:

Work:

17




Mathematician:

DECIMAL TEST

2.143 14.056 29041

+ 005 +7.183 +16.991
3.000 5013 19.878
-1.832 -3.629 -0 439

52.1% 43 = 198x 1.04=
198+341= 1456 + 207 =

A S S S S N S G G N S W R S it NN S WA S S S A e e Ah G Gy S G m—— . —— —— " A3 S Ay =AM Grm ¢ m M S M M N e S~ G A G S —

Cashews were priced at 8.72 marks per kilogram. Tom asked the clerk for 4
kilograms. How many marks did he pay?

16




From this menu, Tessie ordered 2 items that cost 1ess than the $5.00 she
had. Which 3 could she order?

Hamburger $2.19
Fishwich $3.69
Chicken Sandwich $3.08
French Fries $1.39

Bob had 4.41 g. of a chemical in & jar. He carefully weighed out the 273 ¢

he needed for an experiment. How many g. of the chemical remained in the
jar?

Jane helped her aunt at her whole foods store. She weighed out 60 oz.
packets of spice from a jar labelled 3 pounds. How meny packets could she

fill? How many ounces were left in the jar when the last packet was
filled?

19



LEVEL FIVE

BASIC FACTS REVIEW

Periodically basic fact recall by:
1. Orel drills
2. Use of the following kinds of forms:

2+ eor rqngomly garanged
X

Use a different random order of digits each time.

3. Card games that use numbers

4. A dice pair with operation specified. Dice should have
digits 0-5 on seversal, 6-11 on several. Mix the two kinds
and specify the operation:

P 3
| Multiply

5. Continue to have the class skip count snd count on as a

group

6. Stress the relationship between division and multipli-

cation and between addition and subtraction. The 3 digit

fact “families” suchas: 3412 3x4=12 4:-12 3,12 4-=3 should
be stressed

7. Emphasize:

-multiplication by 0 gives 0

-division by 0 mekes no sense and csn't be done

Background: These activities should be used for daily work for 6 or 7 weeks and then
occasionally for meintensnce the rest of the yeer.

<0




in developing and maintaining mastery of multiplicaetion facts, it is helpful
to point out the patterns that exist:

-the products of 2 are always even numbers
~gnalyze the patterns in the products of each number nine and

less
3 4
6 nolead digit 8 sequence of even digits
9 12 repeats
groupings 12 16
of 15 20
3 i8 24
21 28
24  lead digit 2 32
27 36
30 40
S endinalternating 6
10 -0 12 sequence of even digits
15  lead digits cluster 18  repests
20 by 2 in order 24  order is opposite to
23 30 "4 order
30 36
35 42
40 48
43 5
50 60

21




7 8
14 16
21 every digit used 24
28  differences are 32
35 33,7, 33,9, etc. 40
42 48
49 56
o6 64
63 72
70 80

9  this is prettiest
18  ist digits in order
27  second digits in reverse
36 order
45 line of symmetry
54  for digit reversal
63  sum of digits is
72  siwsys 9
81
90

even digits in reverse
order repeat

lead digit repeats only
if decade number other-
wise in order

This only highlights the need to search for patterns everywhere - number
tables, such as addition and multiplication tabies, hundreds chart, etc.



LEVEL FIVE

THINKING

Background: These activities should be used for daily work for 6 or 7 weeks and then
occasionally for maintenance the rest of the year.

LESSON ONE: Getting Startec (GS)

Chiloren must know where to start in developing a plan of attack of e problem. This
lesson presents several situations so children have to decide whel to do first.

“You would like to buy a new bicycle.”

“Where should your thinking about this start?”

List all suggestions given. Decide as a group on the order of thinking steps in resclving this.
Some other GS situations to use:

“Sue wants to go 1o summer camp with her school friends,
but her parents think she i< too young.”

"Should children who come to live in the U.S. be teught in
English in school, or should the school offer classes in
the children’s language?”

LESSON TWO: Putting Things Together (PTT)
Children must learn to erganize their information, the steps in some plan of action, or
the materials in their school kits.

"why ore books organized into sections in the library?”

One of the advantages of orgenizing or classifying physical things is in the saving of
time in finding things.

"How would you organize your thinking about ho'w to desl
with the few students in this class who continusily
interTupt the class?”

"How do You need to organize information obtained in
connection with buying & bicycle?”

LESSON THREE. Zeroing in (21)

In considering possible approaches to a decision or facets of @ situation, it often
becomes draining of energy to distribute it over several possibilities at the same time -
oo many irens in the fire." Children need to realize it is better to focus on ONE thing st @
time in meny situations. In doing in this, it is even more important to recognize WHAT is
being considered.

“¥hat is being looked at in the case of each question being asked?”

.23



School Rules Some people don't care

because they think they
won't be caught

It's fun to see how close
you can get to bresking a
rule without doing it

Working in School
Some people just don't like
to teke orders

Some things are more
interesting than others

It's easier to say you
didn't care to try then it
is to agmit failing

Teachers
Some teachers are crabby
Mrs alweys says
“Hello™ when she sees me
LESSON FOUR: Drawing Conclusions (DC)

A 1ot of good thinking is done for nothing if there is no closure or end point. Children
should realize conclusions ure needed for discussions, processes, etc. Conclusions can take
the form of:

............. ideas . OpINIONS
............. answers e 8CTIONS
............. solutions el TIBQES
............. judgment U 1 111:1

Conclusions can be definite or tentative in nature. Once reached, however, they can be
expressed in 6 clear way.

“¥hen a fourth grade class wes asked if the school day

should be shorter, they concluded this was a good idea.
¥What about this conclusion?”

<4



Conside: in anelysis:

..factors used to arrive st the conclusion
............. consequences of the action
............. date used that supported the conclusions

Situation: “Quality of cafeteria mesls in the school was discussed.”
Conclusion: “Schools waste money on school meals.”
Have this conclusion analyzed

Situation: "How students get elected to schoo! offices was discussed.”
Conclusion: “School elections are popularity contests and ere unrelated
to the ability to do the job.”
Anslyze this conclusion.

LESSON FIVE: Where We Are Now (Consolidation)

Frequently it is desirable to collapse several reiated poiats of view or ideas into ore
or two more general views or ideas that include most of those started with. In group
efforts, inr’vidual opinfons oiten must be set aside in favor of & collective, or group,
consensus.

“After a discussion on what makes a good teacher, a fifth

grade class summarized as follows:

You cen tell right away. It depends on
the subject. Good teachers meke it
interesting. Some teachers are boring.
Good teachers don't have to be nice.
Sometimes you don't 1earn anything
from a nice teacher.”

What is wrong with how this group consolidated its thinking?

SUBJECT ) ___CONSOLIDATION ,ﬁ
Homework Some parents do the home-

work. I'd rather watch TV.
Homework takes time.

it’s easier to copy
soMmeone else’s.

Chesting Everyone cheats sometimes.
It's OK if you don't get caught
Robbing & bank is worse

Grades Not everyone tries for A's
Teachers use grades to pick
on certain kids. Everyone
wants to know about grades.
You nesd good grades to
get into college.



Have students analyze each of these consolidating or summerizing statements. Do tliey
clearly reflect the broadest ideas of the discussion? Do they represent an attempt to
generalize? Have different ideas been put together into a single, brood statement?

LESSON S Whot Is |t? (Recognition)
What enables one to recognize a person, an object? Whet are the dengers of mistaken
identity? Is recognition a guess?

why is recogniticn and subsequent classification, important? Wwhat informetion about
something automatically comes when we recognize what it is?

“We use properties of characteristics to make recognitions. Sometimes we can use
more information before deciding. Sometimes we can make a guess and see if it works.
Sometimes we can limit the possibilities to just a few.”

Consider these:

—— has 4legs” Whet poscibilities are there?

also has hormns.” Does this heip to reduce the possibilities?
"————has short Leir." How about now?
"———has short 1egs.” Are you getting closer to seeing whet i is?
"Now what else would you like to know to be sure of what it is?”

Develop classification aclivities like this where children can work down through a
hierarchy to get at finer descriptions and discriminations.

The VERBAL CLASSIFICATION books from Midwest Publications have sctivities that
are a good source of ideas for these.

LESOON SEVEN: Analysis

Anelysis in Bloom's Texonomy is one step up from comprehension. i involves
breaking a whele into its parts so these can be looked at individually end separately and the
connections and reletionships between these seen. These parts may be real or perceived.
A bicycle has physical parts - wheels, frame, chain, etc. it also has perceived “features”
that may be subjectively evaluated - speed, appearance, safety, etc.

Have the children divide the following into: resl parts (rp) and perceived parts (pp):
Schoo! Home Football Team Boy/6Gir! Scouts

LESSON EIGHT: Comparing
Comperison is the basis for orde -ing, clessifying, evaluating, and several other
intellectual operations. We use comparison to distinguish things. When the number of

286



similarities is high we look for differences. When the number of differences is high, we
look for likenesses.

“These seem 1o be very different. Can you find weays in
which any two or more are alike?"

Wetching TV Brushing your teeth
Combing your hair Cop chasing robbers
Going to schooi Riding a bicycie

Studying science

This should precipitate good group discussisn nf what could be some far feiched
likenesses.

“Discuss thesa descriptions of someone who gossips a lot:
A7 old y/omen
A waolk(ng nr wspaper
A mo'or mouwth.”

“Compare spending money on technology such as a high speed
Monorail train and on basic scientific research in research
centers and universities.”

LESSON MINE: Finding Alternetives
Some people think of 8 bottle as half empty, others as half full. A car is used for
transportation. It is also & way of making a living for a car salesman.

"Give alternatlive descriptions or "'ses for:

a chicken a test

& book 8 wagon

8 pencil a8 uniform
money school.”

“Consider these situations. Suggest 2 alternative ways
of approaching them:

A food supplement that is nutritious but tastes bad
As speeds go up, cars are in more accidents

Twvo boys are ceught cheating on o test

Two girls are ceught chesting on & test

LESSON TEN: Making Choices

In chnosing something, & person has a8 set of conditions or requirements in mind,
whether consciously or unconsciously. Children should learn to get these out in the open and
state them.

gV
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“Which of the following is the best means of transportation?

bicycle cor subway
motorcycle bus cable car

ail terrain vehicle train moving sidewall:
snowmobile airplane.”

Be sure the requirements that sach best satisfied are thoroughly explored.

"I the schoo! had a big fire and could not be used for
awhile, what buildings could be used to hold classes?”

“what are the personsel qualities needed to be successful
at:

being 8 teachet

being 8 car salesman

being a newspaper reporter

being a TV anchor

being a politician

being a doctor?”

Aruitoxt provided by Eic:

ERIC 28
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LEVEL FIVE
GUESS MY RULE
Children should have been introduced {o this in LEVEL THREE. However, this cannot be

assumed so it is best to review the ruies of the geame and to give some experience with
simple rules.

The basic idea is thet of a function mechine that transforms numbers put in according to a

fixed rule and generstes numbers that come oul. The resull is a set of ordered pairs of
numbers of the form:

(in, ouT)

|
"

(Rule to
transform)
ouT—»
An example:
IN RULE ouT
2 + 3 2
4 +3 7

CHILDREN ARE TO RAISE HAND AND SAY, "1 KNOW THE RULE, " WHEN THEY THINK THEY DO.

1. Children are to input numbers. Call on them one at a time.
2. fFor each number, you use 8 predetermined rule to orally
give a number back to the class.

3. Repeat until & child reises his hand to test whether or
not he/she knows the rule.

CHILDREN T EST BY SAVING, "IF | GIVE YOU (NUMBER), WiLL YoU
GIVE ME (NUMBER)?" THEY ARE NOT TO BLURT OUT THE RULE!

29




4. if you reply, "VES™, the child is to keep silent and think of
a better way to orgenize the information.

2. If "NO", remind all that they must always get further
information 17 they canrnot see the rule with what they
have.

6. Pertodically, ask those who think they have the rule to
reise their hands.

7. Continue until:

8. most have the rule; or ,
b. they seem to be st @ stalemate
8. Ask for tables of deta and analyze. EXAMPLE:

DATA AS GENERATED

iN ouT
2 6
S 9
1 3
3 7
1o 14

Ack for suggestions s to what to do to make seeing petterns of numbers easier. Discuss:
Encourage students to 100k for patterns in the OUT numbers after they have put the iN
numbers in numerical order.

REORGARIZED DATA

iN ouT

1 3 “How are the It .umbers

2 6 changing?”

3 7 “How are the OUT numbers
changing?”

9 9 “How do yoeu get an DUT number
for a given IR number?”

10 14 RULE: QUT - IN+ 4

Have the students supply numbers to fill in any missing number pairs in an organized table.

30




LESSON TWO

Review the activity with some simple rules such as "add two”™, "multiply by three”,
“subtract five,” “square it", etc.

Be sure students put the IN numbers in sequential erder each time se that patterns
are easier to see.

LESSON THREE

This introduces combined operstion rules. Some examples are:
OUT=3XIN+2

OUT=2xIN+S
OUT=2xIN-1

we'll use 3 x IN + 1 as an example. When students arrange their data, it probably will
result in a table like this:

IN out
0 i

1 4
2 7
3 10
4 13

Ask the class what patterns they see on the table. Draw out, if need be, the fact the
OUT numbers are increasing by 3. Write this on the table:

IN ouT Difference
0 1

i 4 3

2 7 3

3 10 3

4 13 3

Put a graph peper trensparency on the overhead.

“when the IN value is 0, what is the OUT value?” Put this ordered pair on the graph.

31
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B S

“The IN value chenges by hoew much each time?”
“The OUT value changes by how much each time?”
"The OUT is changing three times as fest.’”

Greph the ordered pairs and draw the line. Put in the changes and label as
shown.
I

| 1

E

T3

A

CTE——

N N N ke S A S TR D B S L DR B L
"What is the rule for getting an OUT value for o given IN value?”

QUT=3XIN+1or3XIN+1-0UTorINX3+1=0UT
"Why is an IN value of 0 importent to know?”
Point out how it tells you where the line crosses the vertical axis. Leave the

table and graph visible and use the ruie:
2xiIN+3=-0UT




The rasults of this shauld be:

N OUT ___ Difference
0 3

] S 2

2 7 2

3 9 2

4 il 2

S 13 2

“"Notice the OUT value for IN = O shows where the line crusses the OUT (vertical) axis?"
"Point out this pair on the table”
"Where on the table do you find the number that will be 8 multiplier of IN in the rule?”

Give & third rule - 4 x IN + 3 end discuss the table and the graph. Show how 2 % IN + 3 and
4 % IN + 3 are alike {cross the OUT axis in the same place) and different (the greph of the
latter is 8 "steeper” line.) Puint out how the OUT values ere increasing faster with the 4 as
a8 muitiplier. Pass out the worksheets and monitor the work.

LESSON FOUR

This lesson is to emphasize the idea of VARIABLE. Write the following open
sentence on the board:

+3=8

Point to the box. ~“A number can be put here to make this sentence TRUE.
Until a number is chosen, there sre many possible numbers that MIGHT WORK. Write this on
the hoard.

ol
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"Meke a table of numbers thet could be put in the L— | endthe OO
to meke the sentence TRUE.

O

Allow time and discuss these. “The [_/ doesn't always hav> to be filled with the same
number to make this sentence true like it does in:

+3=8

“The number VARIES depending on what is used with it as the () number -

“when there are several numbers that could be used to make number sentences true, the
place holder for these numbers is called 8 VARIABLE. Some examples of variables you haye
seen are:

O w

, » »

Give examples of each:

“Variables STAND IN PLACE of specific numbers in sentences. They are OPEN until &
specific number is put in and then become CLOSED."

OPEN +3=5 is a variable

CLOSED 8-3=35 VARIABLE hos been replaced by
a specific value



LESSON FIVE

This lesson is to have students identify DEPFNDENT and INDEPENDNT variables. it
aiso should give them some ides of FREEDOM of choice. “In playing Guess My Rule, who was
free to choose & number to use - you or me?"

Emphasize the fact that there is choice of a number for the IN, but that the rule then
determines what the OUT HAS TO BE.

“Here words are used 8s VARIABLES.” "IN is a variable for which you are free to substitute
any number.” “0UT {s a variable where the number thet cen be used depends on the
particular IN number.” “We call iN \ne INDEPENDENT veriable.” “We call OUT the DEPENDENT
variable becouse its number value can't be found until & number velue is given to the IN
variable.”

"It isn’t elweys clear from just a rule which is which. Consider:

20

I I givesnumber to /] , it is the independen’ variabie. Write:

7= 2 O+n

Now the value of (O , the dependent variable, can be found. If | give a number to
() it becomes the independent varisble.

=2 X4 + 1

and the value of Z / , the dependent variable can be found. The important thing is
which one freedom of choice is assigned to.”




LEVEL FIVE
RATIO AND PROPORTION

LESSON ONF: xeviewing Distributivity

introguction: Students will have had an introduction to the distribution of
multiplication over addition and subtraction. This is to review thet
experience.

(n the overhead, put the following:
ONORONORORS,

Q00000
ONORORORONS

"¥hat are the dimensions of this array?”

"How can we write the 6 enother way?™ Do what is suggesied.

Example 1:
"6=4+2
Arrange the chips as:
ONONONONENONS
OO0 Q0O
000 00

Write: 3(6)=3(4+2)=3(4)+3(2)
Example 2:
6=7-1

A" ange the chips as:

00000
0C000O0;
00000

to show 3 (7) ..

,ooo




Then cover the last column to show 3 (1) so
3{6)=3(7-1)=3(73-3(1)

¥rite these and ask the students to teil whet it is expressed as the sum of

products:
4{(5+3) = 4(5)+4(3)=20+ 12
5{(8+2)= S(8)+5(2)=40+ 10
3(9+1)-= 3{(9)+3(1)=27+3
6(2+7)-= 6(2)+6(7)=12+42
Write these.

"Express these as the DIFFERENCE OF two products.”

2(8-3)= 2(B)-2{(3)=16-6=10
3{(9-4)= 3(9)-3(4)=27-12=1i5
S(10-3)= 5(10)-5(3)=50- 15= 35
6{3-1)= 6{(3)-6(1)=18-6=12

Have students complete the worksheet in pairs. Have biocks or chips
available for those who need to model the problems.

G ie
Introduction: Students will have had an introduction to this using UNIFIX,

COLORED CHIPS and CUISENAIRE RODS. In these lessons, this will be
developed further to problem solving using ratio and proportion.

“In a jar, there ere 3 red marbles for every S black marbies. If the jer has
12 red marbles, how many biack marbles are there?”

“We'll use red and black chips 1o represent the marbles.” Place these on the
overhead:

Ce®
Ce
e
@
®

o ' 3

-3



Aruitoxt provided by Eic:

ERIC

"How many of these colieclions would we take {0 have twelve red marbles?”
"0K, since 12+ 3= 4"

Put these on the overhead:

Ce Oe O @ O
(oF ON OR Ce
Ce o Ce oe
® @ ® ®
® L ® &

"How many black merbles are there?” "This is 4 x what number?"
write: 4x(3:5) = 1220

D2 e second example: “There are 2 apples for every 3 oranges. A bey has 6
apples. How many orenges are in the bag?”

Ce
O |
@

“How many of these collections to get 6 apples?”

O O@ 00
Cé OCe O6e@
@ ¢ ®

“There gre 9@ orenges in the beg.” Write: 3{(2:3) =69

Assign the worksheat to pairs of students to work on. Give them several
chips of two colors to .ise if necessary.

LESSQN THREE: The Meaning of PER and Units
Background: In mathematics as applied in everyday activity, units are often

used as the basis. For example, 50¢ per candy ber, $6.00 per pizza, etc.
Students should understend this idea of PER meaning “for each.”

Introguction. Use a grocery ad mede into @ trensparency. A transparency
master of one is included. Trans ate each price into 8 PER statement. The

38



pounds, cans, dozens, etc. involved are, in 8 way, 8 measurement resulting in
a label. Have the students generate as many of the following kinds of
stetements from the ad as possible:

“peas: 69¢ per 12 pz. can.”

Then take each statement generated in this way and show how they are
written as:

69¢/can or 69¢
can

The / symbolism or __ is used to show the idea of rate or per.

Ask the students what other rates they can think of. The most likely is
miles per hour for speed. Write this as miles/hour or miles.
hour

Consider the following: "Eight apples are bought at 40¢ per gpple.” Rate is
40¢
apple
Total is B apples x 40¢ = ?
appie

Most students will see the result must be money. what must heppen to the
apple labels? These are “Cancelled” just like numbers:

4=1  ppples=1
4 apples

Have the students work in pairs on the worksheets provided.
SON FOUR: Usi R
Background: One way of applying retio (or rate) and proportion is to make

use of the UNITARY RATE, or the smount of a guantity per unit. Then one can
multiply the unitery rate by any number of those units.

introduction: Give this problem:

“Joyce buys a packege of 10 audio tapes for $12.99. Sam buys the same Kind
in a packege of 3 for $3.99. Who gets the better buy? why?
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"what is the cost of ONE tape for Joyce?"
"What is the cost of ONE tepe for Sam?”
“The UNITARY RATE or cost of ONE allews you to compere.”

Give snother probiem:

“Tom’s father drives the 30 miles to Forest City in 45 minutes. Ai the same
speed now far could he drive in one hour?”

“What quantities are in the rate?" (miles and minutes)
"How do we show this?" (30 miles)
(45 minutes)
“Whet is the rate in miles in ONE minute?™ (2 miles)
3
“Now we can multiply these miles in ONE minute by any number of minutes
to get total miles.”

“How meny minutes in one hour?" “we multiply 60 (2/3 miles) = 40 miles -
isthe®  ce Tom's father could travel in (ONE) hour."

Have pairs of students work on the problems given. Remind them to find the
UNITARY RATE first.

LESSON FIVE; Setting up Proportions

Introduction: In using ratio and proportion to solve problems, students
should:

1. Be aware of the unitary rete

2. Label sll numbers with “units™ of some kind

3. Cancel units to see what units the answer is in.
Completely analyze and discuss the foliowing problem:

"A store finds one bad egg in every 4 dozen eggs. In & crate of 48
dozen how many bad eggs should the store expect to “ind?"

“The given comparison is {1 bad egg)”
4 dozen eggs

"What pert of this is muitiplied to give what is ir. the problem?”

"4 dozen is multiplied by whet to get 48 dozen?"
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“We multiply the other pert by 12 as well™: (1 bedegg ) 12 = 12 bad eqgs
4 dozen 48 dozen

Consider 8 secon. problem: “in one minute, Terri drank 4 0z. of soda and
George drank 6 02. of soda. How much would each drink in 3 minutes?"

Terri George
402 % 3min. = 1202 602 %X 3min. = 18 oz
min. i min. i

Emphesize the cencelling of the units to see how the units appesr in the
answer.
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ARITHMETIC PROBLEM SOLVING AT LEVEL FIVE

By the end of this experience, children should be able to solve ary type of
the arithmetic operation problems.

Consider these factors when working with children with arithmetic problem
solving:

Some students may stil! need some concrete

materials fo represent the thing given oraily

or in written situations.......

Students should write number sentences that
model the conditions of the probiem given....

Students should be given oppo: tunities to see
a variety of problem solving being used
............. guessing and checking the guess

............. drawing pictures

............. making diagrems

............. making tables or graphs

............. estimating

............. writing number sentences to model

Nen-numeric problem soiving situations should alsc be presented vsing
Pattern Blocks, Tengrams and otrer right hemisphere related materials®

*See Arithmetic Teacher
iiarch, 1986 “Verba! Addition snd Subtrsction Problems®
April, 1986 “Verbal rultiplication and Division Problems”
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Verbal Addition and
Subtraction Problems:
Some Difficulties and

Some Solutions

By Charles S. Thompson and A. Dean Hendrickson

M

Many of the difficulties that chil-
dren have in solving verbal (story)
problems involving addition and sub-
traction arise because of their limited
understanding of the arithmetic oper-
ations that are involved. They don't
know when to use addition or subtrac-
tion because they lack specific knowl-
edge regarding the various situations
that give rise to these operations. Of-
ten, children are taught addition only
as "‘putting together’* and subtraction
only as “‘taking away,” but many
other settings involve addition and
subtraction operatioas. Children need
to receive specific instruction in dif-
ferent contexts if they are to become
good solvers of verbal addition and
subtraction problems. This article de-
scribes the contexts and then explains
a successful sequence of activities
that teach verbal problems.

Categories of Verbal
Problems

In elemencary schoo! mathematics,
three categories of verbal problems
suggest addition and subtraction oper-
ations. These categories—Change,
Combine, and Compare—are de-
scribed by Nesher (1981). Various
types of problem situations exist

Charles Thompson 1eaches undergraduate and
graduats courses that focus on leaching chil-
dren to understiand mathemaiics at the Univer
sity of Loswdsville, Louisville, KY 40292. A.
Dear Headrickson teaches classes in mathe-
matics and methods 10 undergraduate and in-
service teachers, preschooi-12, and does re-
search and development in mathematical
reasoning and the acquisition of maikematical
knowledge in grades K-14 at the University of
Minnesota, Duluth, AN 55812.
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Table 1

Change Problems

Problem title Sample problem Characteristics

Change | - Bill has two ncils. Jean gives him three Increase, initial set and change set
mncil&e H.?wp:mny pencils does Bill known, question sbout final set
ve then?

Change 2 Bill has five pencils. He gives three to Decrease, initial set and change
i:gg. How many pencils%oes he have set known, question about final

? set

Change 3 Bill has two pencils. Jean gives him some Increase, initial set and final set
more. Now he has five. How many did known, question about change set
Jean give him?

Changs 4 Bill has five pencils. He gives some to Decrease, initial set and final set

Chagge § Bill has some pencils. Jean gave him two

known, question about change set

Increase, change set and final set
known, question abe ut initial set

Change 6 Bl has some - He gave three to Decrease, change set and final set
Jeza. Nowhem. Hostemnyadhe known, question sbout initial set
begin with?

within each category. six types of Change problems. These

Let’s look first at the Change cate-
gory. Change problems involve in-
cre: sing or decreasing an initial set to
create 2 final set. One sample Change
problem is a familiar “putting to-
gether™ situation (fig. 1).

Bert has two books. Cn his birthday
he gets three new books. How
many books does Bert have then?

All Change problems have three quan-
tities: an initial set, a change set, and
a final set. In the pioblem given, the
initial set is two books, the change set
is three books, and the final set is
unknown. The unknown quantity in
Change problems can be any one of
the three sets, yielding three kinds of
problems. Furthermore, the change
can be either an increase or a de-
crease, thus yielding two problems for
each of the three kinds, for a total of

problems are described and character-
ized in table 1.

The second category of problems is
called Combine, or pmit-part-whole.
Combine problems describe an exist-
ing, static condition involving a set
and its several component subsets. A
major difference between Change and
Combine problems is that no action is
involved in Combine problems. A
sample problem is as follows:

Consuelo has five buttons. Three
are round and the rest are square.
How many are square?

See figure 2.

A typical Combine problem has
three refated quantities—one subset,
the other subset, and the whole set.
These yield only two types of prob-
iems. In our example, the whole set
and one subse! are known. In the
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Fig. 1 Change problems involve increasing or decreasing an initial set to create a final set.
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Fig. 2 “Combine” problems describe a~ existing condition involving a set and its several component subsets.

| o
i GO G :
§ t g
L---J

Consuelo's buttons
{Whole set)

Fig. 3 Compamprobwmsmmaemnpeﬁsonmmﬁsﬁngm.

{Compared set) {Diflerence sef)

2 Arichmetic Teacher
\‘l

44




other type of problem. both subsets
are known and the whole set is un-
known. Table 2 summarizes these
Combine problems.

Other Combine problems involve
more than two subsets and the whole
set. These problems typically invoive
a two-step process a.d are not dis-
cussed here.

The third category of problems is
called Compare. Compare problems,
which involve a comparison of two
existing sets, are probably the most
ignored type of problem in school
curricula. Yet many children’s expe-
riences involve comparisons. Here is

a sample problem:

Jean has five pencils. She has three
more pencils than Bill. How many
pencils does Bill have?

See figure 3.

Each Compare problem has three
expressed quantities—a referent set, a
compared set, and a difference set.
The referent set is the set to which the
comparative description refers. In the
sample problem, Bill's pencils com-
pose the referent set, since Jean “*has
three more pencils than Bill."” The
compared set is the set being com-
pared to th.. ‘ferent set. In the sam-
ple problem, sean's set of five pencils
(the compared set) is compared to
Bill's set (the referent set). The differ-
ence set is the difference between the
referent set and the compared set.

There are six types of Compare
problems. The unknown quantity can
be the referent set, the compared set.
or the difference set. For each of these
three possibilities, the comparison
can be stated in two ways: (1) he
(larger) compared set is more than he
(smaller) referent set, or (2) the
(smaller) compared set is less than or
fewer than the (larger) referent set.
.able 3 summarizes and gives exam-
ples of the six types of Compare prob-
lems.

Relative Difficultles of
Verbal Problems

Examination of the various types of
problems and observations of children
solving these problems lead to the
conclusion that some types of prob-
lems are more difficult to solve than
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Table 2

_ Combine Problems
Problem title Sample problem Characteristics

Combine i Bill has three red pencils and two Two subsets are known, question

gncih. How many pencils does B ahout whole set
ve all together? .

Combine 2 Bill has five pencils. Three are red and Whole sei and cne subset are
the rest are green. How many are known. question about other sub-
green? set

Table 3
Compare
Problem title Sample problem Charactenstics

Compare | Bilt has two pencil. . Jean has Comparison stated in terms of “more,””
five, How many ~ore does Jean referent set and compared set known,
have than Bi? question asbout difference set

Compare 2 Bill has two pencils. Jean has Comparison stated in verms of less
five. How many fewer pencils (fewer), refereat set and compared set
does Bill have than Jean? known, question about difference set

Compare 3 Bill bas two . Jean has Comparison stated in terms of more.

- three more Bill. How many referent set and difference set known,
pencils does Jean have? question about compared set

Compare 4 Jean has five pencils. Bill has Comparison stated in terms of less
three fewer pencils than Jean. {fewer), referent set and difference set
iiaowgmany pencils does Bill known, question about compared set

ve?

Compare § Jean has five pencils. She kas Comparison stated in terms of more,
three move than Bill. How compared set and difference set known
meny iis docs Bill have? question about referent set

Compare 6 Jean has two pegcils. She has Compasison stated in terms of fess
three fewer pencils thap Bifl. (fewer). compared set and difference
gow.’my pencils does Bill set known, question about referent set

ve?

others. In general, it appears that the
inkerent structure of the problem is
the crucial factor in determining its
difficulty. For example, Combine-1
problems are structuraily straightfor-
ward (table 2).

Combine 1. Bill has three red pencils
and two green pencils.
How many pencils does
Bill have all together?

The two subsets are given. Children
can count those subsets separately.
Then, they must simply recount the
entire collection of objects to deter-
mine the solution to the problem. Or,
depending cn instruction they have
received, they might use **all” or *all
together™ to transform it to a Change
problem.

Combine-2 problems, by compari-
son, are not straightforward. Th. sets
to be considered are not separate from
one another.

Combine 2. Bill has five pencils.
Three are red and the
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rest are green. How

many are green?
The children must have a well-
developed part-whole .understanding.
The whole set and one subset are
given. To solve this kind of problem,
children must know that the given
subset is contained within the whole
set mentally or physically 10 separate
that subset from the whole set and
then count the other subset. This
problem can be transformed correctly
into a Change-2 problem by many
children. Other children transform it
incorrectly into a comparison of the
two subsets.

Another major factor affecting the
difficuity of a problem is its semantics.
How the relationships between the
sets are expressed determines, to
some extent, which cognitive struc-
tures must be used by the child to
solve the problem. For éxample,
study the following Compare4 and
Compare-5 problems:

Compare 4. Jean has five pencils. Bill
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than the larger.

Fig. 4 The chiki must understand that the larger set is three more than the smaller set and the smaller set is three less

has three pencils fewer
than Jean. How many
pencils does Bill have?

Compare 5. Jean has five pencils. She
has three more pencils
than Bill. How many
pencils does Bill have?

See figure 4.

In each problem the larger set, of
the two being compared, and the dif-
ference set are given. The child is to
determine the smalier set. In the Com-
pare-4 problem the expression used to
relate the larger and smaller sets is
*“The smaller set is three pencils fewer
than the larger (known) set.” To solve
this problem, the child might simply
create what is described, by removing
three pencils from the larger set to
create the smnaller set of two objects.
This behavior transforms the problem
into a Change-2 problem. In the Com-
pare-5 problem, however, the state-
ment used to relate the larger and
smaller sets is, in effect, **The larger
set is three pencils more rthan the
smaller (but unknown) set.”” In this
problem the child must use a different
cognitive structure to deternine what
to do. Three pencils cannot be added
to the smaller set, since ils quantity is
not known. The child must under-
stand that if the larger set is three
move than the smaller set, then the
smalier set is three fewer than the
larger. The child must have a well-
developed cognitive structure called
reversibility. The child must under-
stand that the statement *"x is ¢ more
than y" is equivalent to 'y is a less
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than x.”” Only then will the child know
that removing objects from the larger
set will create the “‘more than" rela-
tionship expressed in the verbal prob-
lem. This same reversibility enables
some children to transform Combine-
2 problems into Change-2 problems.

Another factor affecting the diffi-
culty of Compare problems is that in
Compare-3, 4, 5, and 6 problems, the
differcnce set must be mentally con-
structed by the child. It is not actually
part of the compared set or the refer-
ent set. Furthermore, after the differ-
ence set is mentally constructed, the
child must mentally add it to, or sub-
tract it from, one given set to deter-
mine the unknown set.

Another difficulty is the varying use
of the expressions more than, less
than, and fewer than. The phrase
Sfewer than is common in these four-
teen types of problems, since dis-
crete. countable sets are involved.
Fewer than suggests counting strate-
gies more readily than does less than.
However, miore than is used to ex-
press relationships between either
countable or noncountable quantities.
Further, the word more is often used
in Change problems in another way,
as in “‘John gave Frank four more."

The relative difficulties of all four-
teen types of verbal problems have
not yet been fully determined. But
informal observations of children
solving these problems, careful analy-
sis of the problems’ structures and
semantics (Nesher et al. 1982), and
analysis of research results (Carpen-
ter and Moser 1981; Nesher 1981;
Riley 1981; Steffe 1971: Tamburino
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1981) provide preliminary information
about the difficuity of problems. Cur-
rently available information indicates
four levels of difficulty:

Easiest: 1. Change 1 & 2, Combine 1
2. Chenge 3 & 4, Compare 1
&2
3. Combine 2, Change 5 &
6, Compare 3 & 4
Hardest: 4. Compare § & 6

instructional Procedures

We have been working in a conceptu-
ally oriented. materials-based elemen-
tary mathematics program. The chil-
dren in first, second, and third grades
have received instruction in solving
verbal problems of the fourteen types
that have been described. The foliow-
ing general instructional sequence has
been followed over a period of weeks:

1. Problem situations are presented
orally to children. The children use
countable materials that can be
grouped, linked, and separated to aid
them in solving problems. Their an-
swers are expressed orally.

2. Children use countable objects
to explore combinations of numbers
that make larger numbers. For exam-
ple, they separate five counters into
two subsets in different ways and de-
scribe the results orally, such as
**three and two™" or “‘one and four."’

3. Children use prepared numeral
cards {0-9), and cards with the **+.,"”"
" =" and **0." in conjunction
with activities similar to those previ-
ously described in step 2. They con-
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struct number phrases and sentences
with the prepared sign cards to repre-
sent the objects being used. This task
helps them to connect the signs to the
concepts involved. For example, if a
child uses five counters and covers
two of them, then a partner can create
the open sentence 3 + O = 5 then
insert a “‘2 card” to complete the
open sentence.

4. The problem situations are pre-
sented orally to children as in step 1.
They use countable objects to solve
the problems and now use the pre-
pared cards 1o construct number sen-
tences to represent tne objects used
and the conditions of the problem.
For example, consider the following
problem:

Change 1. Bill has two pencils. Jean
gives him three pencils.
How many pencils does
Bill have now?

To solve this problem, children fre-
quently make separate links of cubes
to represent the two sets, join the two
links, and arrange cards as shown:

EEBEEE]

5. Children use countable materials
to solve orally presented problems
and then write number sentences to
indicate how they interpreted the
problems. In particular, children cir-
cle their answers in the number sen-
tences. In many problem situations
several possible number sentences
can be written. Consider this

problem:

Compare 1. Jean has five pencils.
Bill has two pencils.
How many more pencils
does jean have than
Bill?

Some children will interpret this as an

addition problem and write 2 + @ =

5. Others will interpret it as subtrac-

tion and write 5 — 2 = (). Both

interpretations are correct.

6. Open sentences in written form
are given to children, who use count-
able materials to solve them.

7. Materials are not used, and chil-
dren solve written verbal problems
mentally while writing the corre-
sponding number sentences.
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8. Children solve open sentences
(not directly tied to verbal problems)
in written form without the use of
countable materials.

From a broad perspective, the se-
quence has used the following steps:
(1) develop concepts using materiais,
(2) connect signs to the concepts, (3)
construct symbolic forms (number
sentences) using prepared symbols,
(4) write symbolic forms. and (5) in-
terpret prepared symbolic forms. This
sequence has resulted in students be-
ing able to interpret these problems
and translate them into number-
sentence models.

In conjunction with these activities.
children participate in numerous
counting exervises. They learn to
count on from any given number and
to count back from any given number.
Counting on is useful in many prob-
lems, particularly in part-v-hole situa-
tions, in which one subset and the
whole set are known, and in compare
situations, where equalizing of the
two sets is the strategy to be used.
Counting back is also used frequently,
especially in Change problems. For
example, in Change-2 problems the
children often count back from the
larger (initial) set to create the smaller
(final) set.

instructional Resulits
So Far

The instrictional sequence described
seems to be effective in enabling chil-
dren in the primary grades to solve
verbal problems. Of crucial impor-
tance seem to be the use of countable
materials, the use of the prepared nu-
meral and sign cards, and the practice
of circling answers when writing num-
ber sentences.

Using the countable materials en-
ables the children to create or model
the conditions presented in the prob-
lems. The children can then determine
which sets to count, compare, sepa-
rate, or join to solve the problems.
“he use of the prepared cards allows
the children quickly to attach numer-
als to the quantities represented and
to consiruct the corresponding nuri-
ber sentences. We have found that
children who h ve not used numeral
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cards expenence greater d.a.culty in
writing number senlences corre-
sponding to a verbal problem. The
practice of having children circle an-
swers when writing number sentences
helps teachers understand how the
children are thinking about the verbal
problems. Indeed. for many of the
types of problems, either an addition
or a subtraction number sentence is
appropriate. These practices also help
teachers to recognize when children
are successfully using the class-
inclusion relation, reversibility of
both actions and relations. and equal-
ization of two sets.

In summary, we have learned that
children can become good solvers of
verbal problems. What they need is an
instructional program that proceeds
from the concrete to the symbolic and
the opportunity to encounter the var-
ious problem situations that occur in
real life.
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Verbal Multiplication and
Division Problems:
Some Difficulties and
Some Solutions

By A. Dean Hendrickson

Verbal problems that involve mulii-
plication and division are difficult for
children to solve. Many of these diffi-
cuuies arise because of their limited
understanding of these arithmetic op-
erations. Their experience with the
different kinds of situations that call
for these operations is also limited. At
the same time, these problems cannot
be categorized easily because the sit-
uations that require these operations
are varied. Nonetheless, mult’ aica-
tion is often taught only as *"..-peated
addition”’ and division only as *‘re-
peated subtraction.”* Children must
have specific instruction in afl the
situations that requi multiplication
and division as arithmetic operations
if they are to apply them successfully
to verbal problems.

Change Problems

Extensions of the “‘change problems"
for addition and subtraction can lead
to multiplication and division. In this
particular kind of problem we have an
initial set, a change number, and a
final set. Given an initial set of small
size and a change number that de-
scribes how many of this size set are
Joined, we find the size of the larger
final set by multiplication. These
problems are change I, or repeated
addition, problems. Here is an exam-
ple (Ag. 1):

Dean Hendrickson is prafessor of education at
the University of Minnesate Duluth. MN

55812, He teaches courses on th. psychelogy of

learning and methods of teaching mathematics.
preschool through secondury school.

(size ?)

John put 6 handfuls of 3 tokens each
into a bank. How many tokens a:
John put in the ban! ?

Change 2 problems result when a
large initial set is given along with the
size¢ of a smaller final set, and a
change number needs to be found that
describes how many sets of that size
can be made from the initial set. This
problem represent. the measurement,
or repeated-subiraction, interpreta-
tion of division. Here is an example
(fig. 2):

Susie has 24 cookies. She gives 3
cookies 10 each of the children on
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the piayground. How many chil-
dren are on the playground?

A child who can reverse wne “*put-
ting together™ transformation can re-
late a measurement interpretation of
the division of countable materials to
the repeated-addition kind of multipli-
cation. In some ways the division is
easier, since the child must retain only
the final set size and count the number
of sets that can be made. The count is
constructed in the process and the
size of the initial set is not important,
since the count stops whenever the
process runs out of objects. In re-
peated addition. both the count num-
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ber and the size of the initial s~.t must
be retained mentally along with the
result at the end of each successive
Jjoining.

Change 3 problems involve a large
initial set and a known change num-
ber; the size of the final. equal sets
that can be made from the initial set
must be found. This is the partition
interpretation of division. An example
follows (fig. 3):

Susie has 24 cookies. She gives an
equal number to each of her 4
friends. How many cookies does
each friend get?

Change 2, or measurement division,
is easier, since only the size of the set
being formed repeatedly must be re-
tained and a count of these sets kept
as they are made. Change 3, or parti-
tion division, requires a strategy to
assure the equality of the sets being
made and hence is more difficult.

Comparison Probiems

Questions involving ‘‘less than™ or
**more than" {ead to addition and sub-
traction problems. These problems in-
volve a comparison set, a difference
set, and a referent set. When we com-
pare two sets and the comparison iv -
volves questions of "*how many times
as many’' or “‘what part of,” we use
muitiplication and division. Such
problems involve a comparison set, a
referent set, and a correspondence
other than a one-to one corresnon-
dence between these sets. In figure 4,
if the question is asked, **A has how
many times as many as 8?°° then A is
the comparison set, B is the referent
set, and the correspondence of Ao B
is sought.

Compare ! problems result when
the referent set and a many-tv-one
comrespondence are given and stu-
dents are asked to find the comparison
set. The following is an example (fig.
S):

Iris has 3 times as many nickels as
dimes. She has 4 dimes. How many
nickels does she have?

Multiplication is used to find the a. -
swer: 3 X 4 = |2,

Compare 2 problems occur when
the comparison and a many-to-one

April 1986

Fig. 2 An example of a change 2 problem, measurement or repoated-
subtraction interpretation of division: Susie has 24 cookies. She gives

3 cookies to each of the children on tha playground. How many children
are on the playground?

{size 3)

Fig. 3 An example of a change 3 problem, a partition iterpretation of division:

Susie has 24 cookias. She gives them in equal numbers to her four fiisnds. How
many cookies does each friend get?

Change Number
4)
1 L BB
QQo
QO
o 0% c>0 @ [
O 8 00
Q0
000
Initial Set
(24)
7
Final Sut(s)
(size )

Fig. 4 A compéarison problem: Find the comrespondence of A to B. A has how
many times as many 2s 87

‘ E]D[]D
o U o
DDD

.
> D b
> D D

A B
{Referent Set)
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Fig. 5 A compare T problem: iris has 2 times as many nickels as dimes. She
has 4 dimes. How many nickels does she have?

ison Set Referant Sot
(nickels) : (dimes)

Fig. 8 A compare 2 problem: lis has 15 nickels. She has 3 times as many
nickels as dimes. How many dimes does lris have?

Fig. 7 A compare 3 problem: Frank has 24 nickels and 8 dimes. He has how
many times as many nickels as dimes?

Reforont Set
{dimes)

Fig. 8 A compare 4 problem: Frank has 24 nickels and 8 dimes. He has what
fraction as many dimas as nickeis?

corresponcence are given and the ref-
erent set must be found. Here is an
example (fig. 6):

Iris has 15 nickels. She has 3 times
as many nickels as dimes. How
many dimes.does lris have?

Division is used to find the answer:
f+3=3§

Compare 3 problems result when
the comparison s=t and referent set
are known and a many-to-one corre-
spondence must be found (fig. 7):

Frank has 24 nickels and 8 dimes.
He has how many times as many
nickels as dimes?

Division is used to find the answer:
24 +8=3

Compare 4 problems occur when a
companson set and a referent set are
given and a one-to-many correspon-
dence is sought. In this case, the com-
parison set is the smaller of the two.
Here is an example (fig. 8):

Frank has 24 nickels and 8 dimes.
He has what fraction as many dimes
as nickels? (or, Frank's dimes are
what fractional part of his nickels?)

The resuit is division of a smaller by a
larger number or formation of 2 ratio-
nal number, usually expressed as a
fraction. 8 +~ 24 = 1/3.

This kind of question puts a child’s
concept of fraction being equal parts
of a whole into conflict with this ratio
situation. What other language can be
used to ask for this correspondence?
Because of the difficulty of finding
suitable language, questions related to
finding this correspondence are sel-
dom found in textbooks.

Compare 5 problems arise when the
comparison sei and the referent set
are given and a many-lo-many corre-
spondence is sought (fig. 9):

There are 12 giris and 16 boys in the
room.. How many times as many
boys are there as girls?

One divides to find the answer (16 +
12 = 4/3). Here again a fraction tells
how many times as much, although a
ratio correspondence is made in the
thinking.

Compare 6 problems occur when
the comparison set is smaller than the
referent set and the correspondence is
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sought (fig. 10):

There are 12 girls and 16 boys in a
room. The number of girls is what
part of the number of boys?

The result is found by division agais,
12 + 16 = 34, and the same conflict
between ratio and fraction results.

Compare 7 problems result when
the larger comparison set and the
many-to-many correspondence are
given and the size of the smaller ref-
erent set is sought (fig. 11):

There are 16 boys in a class. There
are 4/3 as many boys as girls. How
many girls are there?

The answer is found by dividing: 16 =
4/3 = 12,

Compare 8 problems arise when the
smaller referent set is given along with
a many-to-many correspondence. The
size of the larger comparison set is

sought (fig. 12):

There are 12 girls in the room. The
number of boys is 4/3 the number of
girls. How many boys are in the
room?

The answer is found by multiplying:
43 x 12 = 16,

The compare problems that involve
many-to-many correspondences are
difficult, since they bring into conflict
the child's recognition of a fraction as
comparing & given number of equail
parts to the whole and the idea of ratio
as a correspondence. The use of the
same symbolism for both fractions
and rational numbers compounds this
difficuity.

Thinking in ratios, equating ratios,
and applying ratios to situations in-
volve formal operational thought.
Very few elementary children are ca-
pable of this kind of reasoning. In
fact, few eighth and ninth graders can
think through the Mr. Tail-Mr. Short
problem:

Mr. Mr.
Tall Shont
Measured in 9 é
match sticks
Measured in 12 ?
paper clips

Fig. @ A compare § problem: There are 12 girls and 16 boys in the rocm. How
many times as many boys ara there as giris?

Fig. 10 A compare 6 problem: There are 12 girls end 16 boys in a room. The
girls are what part of the boys?

Comparison Sat Referant Set
{girts) (boys)

Fig. 11 A compare 7 problem: There are 16 boys in a clase. Thers are 4/3 as
many boys as girls. How many giitg are there?

ol
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Rate Problems

Fig. 12 A compare 8 problem: There are 12 gitls in the room. The number of
boys is 4/3 the number of giris. How many boys are in the room?

The kind of proportional reasoning
used in equating ratios is also in-
volved in thinking about rate prob-
lems. These are commonly found in
intermediate textbooks. A rate prob-
lem involves two variables—one inde-
pendent and one dependent—and a
rate of comparison between them. An
example is distance (miles) = rate
(miles per hour) x time (hours). Here
the number of hours is the indepen-
dent variable, the distance in miles (a
total) is the dependent variable, and

Ret the ratio of miles to hours is the rate.
(gm;)Set e ‘(mi) Set Some common rate examples are
these:

Fig. 13 A rate 1 problem: Fred pays $12.00 a square yard for outdoor carmpeting. How much will 16 square yards cost?

$12 | 312§ 12 | $12 | 2| $12 | $12 | ¢ | $12 ] $12 | $12 | $12 | $12 | $12 ; s12 | ®12

sq. yd. | sq. yd.} sq. yd.| sq. yd.} 8q. yd.| 8q. yd.eq. yd.} 5q. ydd. | 5Q. yd.| €q. yd.| 59. yd.|sq. yd.{sq. yd.{sqQ. yd.{ Sq. yd.| sq. yd.

Fig. 14 A rate 2 problem: Jane pays $162 for carpeting at $9 a square yard. How many square yards did she get?

$162
i
! ]
o g Y 1 T l ¥ l ! Y T ‘!'
i i { ' i
| |
A T T T T R
so | s0 | so | %o S T T T S T T R R
! I i ! i ! | i ' | |
. | l 'l L A ‘ " 1 ' 3 '
ot T Ty
!
5q. yd 5q. N' 8q. yd sq. yd. i | I ?gqumyards l ; i ; § ‘
I i i : ' | f ! |
R T B T D D T
. L 1 ] i i ] i 1 0 1
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E———,

s feet per second

e dollars per pound

« pounds per cubic foot
« gallons per minute

e cents per kilowatt hour
s parts per hundred

Children who are unable to think
about rates and ratios will have diffi-
culty doing these problems in any way
other than substituting numbers into
memorized formulas. Probiems deal-
ing with percentages are probably the
best example of this difficulty.

Rate | problems result when the
rale and the value of independent
varieble quantity are given (usually in
units of measurement) and the value
of the dependent variable, usually a
total. must be found (fig. 13):

Fred pays $12 a square yard for
outdoor carpeting. How much will
16 square vards cost him?

The resulting application.

total cost
= cost/sq. yd. X number of sq. vd.
= $12/sq. yd. X 16 sq. yd. = $192,

is the easiest of the rate situations to
use.

Rate 2 problems result when the
rate and the value of the dependent
variable are given and the value of the
independent vanable is sought (fig.
14):

Jane pays $162 for carpeting at $9 a
square yard. How many square
yards does she get?

We have
$162 = $9/sq. yd. x [_]sq. yd.
or
$162
.yd, = —— = {18}
sa-¥ $9/sq. yd.

Rate 3 problems result when the
values of the dependent and indepen-
dent variables are given and the ratio
or comparison rate is sought (fig. 15):

Peter paid $342 for 200 eight-foot
two-by-fours. What was the cost in
dollars of each two-by-four?

We have
$342 = §_J/board x 200 boards
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”

the cost in doflars of each 2 x 47

Fig. 15 A rate J problem: Peter paid $342 for 200 eight-foot 2 x 4's. What was

/4

L
200 pieces
Cost =

T

342

# of pieces

or

5342
§ cost/board = —————
O™ 260 boards

= $1.71/board

Selection Problems

Among the most difficult probilems are
those that require multiplication.
These belong to a more general group
of selection problems.

Selection | problems involve simple
ordered pairs where the choice sets
for each element of the ordered pair
are given and the number of ordered
pairs possible is sought. The pairs arz
ordered in the sense that one choice
set is associated with one element and
a second choice set with the other. No
ordering occurs in the writing or se-
lection. In the following example.
{skirt, sweater) is not different from
(sweater, skirt). See figure 16.

Amy has 3 sweaters with different
patterns. She also has § different
skirts. How many outfits consisting
of a sweater and a skirt are possi-
ble?

The pairs can be determined from a
matrix {table 1} or from a ‘‘factor
tree.”” Either way, multiplication is
used: 3 X § = 15 outfits.

Selection 2 problems resuit when
one choice set and the number of pairs
are given and the other choice set is
sought. These problems are similar to
selection | problems.
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Tabia 1
?BMatrlx to Record the Palrs In Figure

Selection 3 problems involve tri-
ples, quadruples, or other extended
n-tuples (n > 2) and the choice sets for
each place in the n-tuple.

Frank has 5 spont coats. 3 vests,
and 5 pairs of trousers, all of which
are color compatible. How many
different outfits consisting of a sport
coat, vest, and pair of trousers are
in his wardrobe?

Here a 3-tuple must be formed
(sport coat. vest, trousers) where or-
dering is not important. Findin, the
total number of 3-tuples uses the mul-
tiplication principle: 5 X 3 x § = 7§,

Selection 4 problems give the num-
ber of n-tupies and the sizes of ail but
one choice set, which is sought. An
example follows:

Frank can make 24 different outfits
consisting of a sport coat. vest, and
trousers. He has 3 sport coats and 4
pairs of trousers. How many vests
does Frank have?
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Flg. 16 A sefection 1 probiem:
Amy hss 3 swasters with differant
pattems. She also has 8 skints of
cansisting of e and a siin,

a swealer a
are possibla?

N\—08

This is a two-step problem: first mul-
tiply and then divide, or successively
divide.

The selection group of problems
involves the multiplication principle
or one aspect of 'vhat Piager calls
combinatorial reasoning—the ability
to consider the effect of several vari-

Fig. 17 Cemﬁescanbeusedwlhkmmmmmmm-
mmm:Me4mdsmm.memmmmﬂ?
RS
o
gl S
$ .
o Tiles
« L
-
Table 2
Chango Problems
Froblem title Sampie problem Characterisiics
(Change 1) Fred has 3 boxes with 4 cars Initial (smaller) set sizes and
Repeated sddition in each box. How many change number known;
cars does Fred have? question about final (larger)
MQ
(Change 2) Jean had 12 cookies. She Initial (larger) set and final
Remmslibuwioa(mea ve;cookiﬁstoeach%ff (smaller) set sizes known;
surement friends. How many question about change
ber friends got cookics? number,
(Change 3) Paul bad 24 macbles that he Initial (larger) set and change
Partitioning into equal sets ve away 1o 4 friends, numbers known: muon
friend received the shout the sire of
same number of marbles {smaller: sets.
How mony marbles did
cach friend get?
L

ables simultaneously. Selection 1
problems can be thought of as cells in
a matrix. The thinking needed to solve
them is similar to that used to solve
area problems, such as being given
two dimensions and finding the area
and being given the area and one
dimension and finding the other di-
mension.

Overview

If students are going to apply multipii-
cation and division to everyday situa-
tions, they must have experience with
materials that represent these dif-
ferent situations.

The change situations that involve
Jjoining and separating can be intro-
duced with materials that can be
joined, separated, and arranged.

24

Unifix cubes can be used to illustrate
repeated additions and repeated sub-
tractions as well as measurements.
Ceramic tiles can also be used to link
the idea of repeated addition to area
(fig. 17). The measurement concept of
division can also be introduced with
tiles. The following kinds of questions
can be asked:

* Given 24 tiles, how many rows can
be made with 4 tiles in each row?
¢ Make 4 rows of 6 tiles each. How

many tiles are used?

Beans and paper cups can be used to
give experience with the partition in-
terpretation of division as well as to
the repeated-addition and repeated-
subtraction interpretations of multipli-
cation and division. Some examples
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Table 3

Compare

Probiem

titie Sample probiem Chearacteristics

Compare | Joellen has 3 pairs of sandals. She has4  Referent set and many-to-one comrespon-
nmesasm:‘ymefsmes How dence known; question about the com-
many pairs of shoes does she have? parison set.

Compare 2 Irene has 30 3. She has 5 times as  Comparison set and many-lo-one come-

mngnhmm How many spondence known; guestion abowt the
pemiesdoesl’nhw" referent set.

Compare 3 Donakd has S marbies. Peter has {$ mar-  Comparison set and ref~ ont set given:
bles, Peterlmhowmnznmas question about kind of {many-to-one)
many masbies as Donaid? comrespondence.

Compsre § Boanie has 16 white blouses and 4 col- Comparison set and referent set given:
ored blouses. Her colored blouses are question sbout kind of (one-io-many)
what (ﬁ;&c&cmnpanof ker white correspondence.

Compare 5 Our closs has 16 boys and 12 girle:: There  Comparison set and referent set given:
;ﬂa{ehl;owmny times as many boys as question about the (many-o-many)

comespondence.

Compare 6 Our class has 16 boys and 12 girls. The  Comperison set and referem set given;
gl.smwm(t‘m:mmnpmnﬂhe question about many-t¢  *nvy Come-

ys? spondence.

Compare 7 Fred has 25 baseball cands. He has $/4as  Comphrison set und many-to-meny cor-
many cards as Jim has. How many respondence given; question about ref-
baseLall cords does Jim have? ereat set,

Compare 8 Erica has 25 stickers. has 43 as Referent 3.t and many-to-many corre-
many stickers as Erica. How many spondence given; question t com-
stickers does Peggy have? parison sel.

Table 4

Problems
Problem ttle Sample problem Chsracteristics

Selection } Paula has 3 kinds of cheese and 2 Number given from which to select
kinds of sausage. How many dif- for each pair element: question
ferent cheese-and-sausage pizzas about number of pairs possibie.
can she make?

Selection 2 kamakeswdlg::i:l%m»aon? NmmmcMcesuasﬂwm
sausage % pairs given: guestion abaut
¢l ese. How many kinds of sau- oumber in r choice set.
sage does he have?

Selection 3: Dave has 3 different-sized sets of Number given from which to choose

extended n-tuple wheels, 4 kinds of bodies. asd 3 for esch ponion in a-tuple; ques-
different motors. dow many differ-  tion sbout number of s-tuples pos-
ent cars with wheeis, a body, and sible,
a molor can he put together?

Selection 4. Dave has 3 different-sized sets of Number given from whick to choose

extended a-tuple heels and 4 kinds of bodies; he tor sl but one position in n-tuple
can make 96 different cars with and also number of a-tuples: ques-
wheels, bodies, and motors. How tion aboul remsining position.
many different kinds of motors
does he have?

Table 5

Rate Probisms

Problem .

titie Sample oroblem Characteristics

Rate | Lxsnbuas 18 cs.nsofpohsh at $0.72 per

Gimmemeandmein&pendemwaﬁ-

value: question is about the depen-
dent vanisbie.

Rate 2 Ptm;swysamtmsale The price, after  Given the rate and the dependent vuriable

dueoant. $90. What was the

value: question is sbout the independent
variable.

Rate 3 Cminemns!l!hr.etemmnsecmds Given the values of the dependent and in-

What iz ber nversge speed in meters per
second?

dependent variables: question is about
the rate.
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are the following:

e Given 21 beans, put 3 beans in cups
untif the beans are gone. How many
cups a/d you use?

¢ Given 35 beans. put an enual num-
ter of beans into each of S cups.
How many beans are in each cup?

« Given 4 cups. put 5 beans in each
cup. How many beans were need- -
ed?

The ratio comparison situations can
be introduced with two different
shapes, two different colors of chips
or cubes, or any other matenals that
can be put into sets and compared
using the muitiplication- and division-
related questions in the examples.

The selection ideas can be intro-
duced best with colored cubes or sev-
eral geometric shapes in different col-
ors, forming pairs and triples of these
materials. Subsequcntly using situa-
tions that involve items from the stu-
dents’ experience, such as stickers,
pizza toppings, clothing, and rocord
labels, can help children apply these
basic ideas of multiplication to the
real world.

Rate problems shouid probably be
introduced after establishing the idea
of a constant rate of change in two
related vanables. This introduction
must be done slowly and carefully and
timed to the stage of cognitive devel-
opment of the studeris. The demands
are primarily on the proportional-
reasoning capability of the students.

Introducing problems involving
such relationships as disiance =
time X rate, cost = costlunit X units,
and percentage = percent X base
should be within the more general
context of rate of change. Otherwise
students may substitute values into
formulas without understanding the
processes involved.
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EXAMPLES OF DIFFERENT
SITUATIONS THAT LEAD
TO THE ARITHMETIC OPERATIONS
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Combi'ne i:

Combine 2:

Change 1:

Change 2:

Change 3.

Change 4.

Change 5:

Tony has 10 red marbles and 12
blue marbles. How many marbles
does Tony have?

Jack has 26 pets. 11 are dogs and
the rest are cats. How many cats
does Jack have?

Joni has © cassettes of her favorite
groups. On her birthday she
received 8 more cassettes. How
many does she have now?

Joyce has 23 poppies. She sold 18.
How many poppies does she have
left to sell?

Before Willie gave him some more
nails, Fred had 26. Now he has 40.
How many nails did Willie give
him?

Connie had 13 extra valentine
stickers. She gave some to Ruth.
Now Connie has only 4. How many
stickers did Ruth get?

Tom had some hazelnuls in a basket.
Jerry put 19 hazelnuts into the

o7



Change 6:

Compare 1:

Compare 2:

Compare 3:

Compare 4:

basket. Then Tom had 34 hazelnuts.
How many hazelnuts were in Tom's
basket at the start?

Gloria had some pennies in her
purse. She used 8 of these Lo pay
for some butitons. She then had 9
pennies in her purse. How many
pennies were in Gloria's purse to
start with?

Petra has 11 basebail cards. Gerta
has 18 baseball cards. How many
more cards does Gerta have?

Tomas has 9 scoutl badges. Willie
nas 19 scout badges. Tomas has

how many fewer badges than
Willie?

Walter has 8 pencils. Jeannette has
4 more pencils than Walter. How
many pencils does Jeannette have?

Sharon has 12 campaign buttons.

June has 3 fewer buttons. How
many buttons does June have?

o8



(Compare 5: Bobbie got 23 correct on his
spelling test. She got 6 more |
correct than Barbara. How many
did Barbara have correct?

Compare 6: Tess did 13 push-ups in physical
education class. She did 8 fewer

than Vera. How many push-ups did
Vera do?

! o
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CHANGE 1

CHANGE 2:

CHANGE 3:

COMPARE 1:

COMPARE 2:

COMPARE 3:

Freda has 4 boxes with 5 packets
of seeds in each box. How many
packets of seeds does Freda
have?

Johanna had 30 cookies. She
gave 6 cookies Lo each person in
her troop. How many of her
friends received cookies?

Paul had 24 marbles that he put
into 4 bags. He put the same
number in each bag. How many
marbles were in each bag?

Joellen has 4 pairs of sandals.
She has S times as many pairs of
stockings. How many pairs of
stockings does she have?

irene has 30 pennies. She has 5
times as many pennies as Pat.
Pat has how many pennies?

Donald has 6 marbles. Francis
has 18 marbles. Francis has how
many times as many marbles

as Donald?
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COMPARE 4:

COMPARE 5:

COMPARE 6:

COMPARE 7:

COMPARE 8:

COMPARE 9:

COMPARE 10:

Bonnie has 16 white blouses and
4 colored blouses. She has how
many white blouses for each
colored blouse?

Her colored blouses were what
fractional part of her blouses?

Our class has 16 boys and 12
girls. There are how many times
as many boys as girls?

Our class has 15 boys and 12
girls. There are how many
girls for a group of how many
boys?

The giris were what fractional
part of the class?

Fred has 25 baseball cards. He
has 5/4 as many cards as Bill.
Bill has how many baseball
cards?

Tom as 25 baseball cards. Tim
has 4/5 as many baseball cards
as Tom. Tim has how many
baseball cards?

6i



COMPARE 11:

SELECTION 1:

SELECTION 2:

SELECTION 3:

SELECTION 4:

Jack had some marbles. Dennis
had 12 marbles or 2/3 as many
as Jack. Jack had how many
marbies?

Paula has 3 kinds of cheese and
2 kinds of sausage. How many
different cheese and sausage
pizzas can she make?

Frank's makes 18 different
cheese and sausage pizzas. He
uses 6 kinds of cheese. How
many kinds of sausage does he
have?

Rita is going to make a soapbox
derby car. She has 3 sets of
different size wheels, 4
different boxes for bodies,

and 3 different windshields.
How many different cars with a
sel of wheels, a body »nd wind-
shield can she make?

Bonnie can wear 30 different
outfils consisting of a skirt,

- blouse and shoes. She has 3

b<



skirts, and 5 blouses. How many
pairs of shoes does she have?

RATE 1: Lisa bought 6 cans of potato
chips at "2 cans for 59¢°. How
much did potato chips cost her?

RATE 2: Corrine ran 100 meters in 15
seconds. What was her average
speed in meters per second?



LEVEL FIVE
PRO NG: P

Background: Children have had an opportunity to see all of the addition and
subtraction kinds of problems and the change and combine multiplication
and division problems. Give the problem solving "checking up™ test. Analyze
the results end determine which kinds students need more experience with.

LESSON ONE: Making Sure

Review with children the use of “less than,” "more than,” “fewer then,”
“times as many~, "art of", as these ideas occur in different problems.
Encourage children to think of questions about problems:

"What does the question ask for?”

“what does the bigger number(s) show?"

"whet does the smaller number(s) show?"

“Is something being compeared with something else?”
“Is something being added or subtracted?”

“What is not known?"

Encourage children to make diagrams to represent quantities.
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Problem Number Sentence Convertied Sentence

Combine 1: A+B=

Combine 2: A+ =C =C-A
Change 1: A+B-=

Change 2: C-Ac

Charge 3: A+ =C =C-A
Change 4: C- =B C+B-=
Change 5: +B=C =C-8
Change 6: “B=-aA ~A+B

tflany children wili mentally convert to the model they are most
comfortable with. If you encourage them to make pictures {o
represent the objects in the problems, they are more likely to
write correct number sentences - either direct models or
conversions. Most of the COMPARE probiems will yieid proper
number sentences this way.

LESSON TWO: Emphasis on Hodelling

Introduction; In this lesson go through the problem types one at o
time. Use materials - base ten blocks, counters or whatever is
most appropriste. Make a diagram of each type. Write the number
sentence, explaining how each numersal and symbol is derived from
the verbc: vescription.

A CHANGE 3 problem is used as an example.

“Betty has 12 star coupons. Here are her coupons



v

Write

12

pii

“Fred gives Betlly some more coupons.”™ Write: 12 » D

“why did we write the plus sign?”

“why did we write the | ‘ sign?"

Turn overhead off. Add six more counters o the collection. Turn
overhead on.

“Betty now has 18 of these.”

1542
W
15404
wWw
14484
14404

write

i

12 + 18

“How many did Fred give Betiy?" Write: 12+) 6 18

it

Circle the snswer: 12+{| 6 = 18

SIX is the missing amount that we didn’t know - the number Fred
gave Betty.”

LESSON THREE: Writing Problems
introduction: Write a number sentence on the gverhesad or
chalkboard:



“Write a story prebiem so that this number sentence shows whet
is in the probiem.”

Ask for these from individuals and analyze them as & group.
Remind children "+~ can show parts or the actian of joining. (t
may also show "how much more than.” The [C] always shows
the number to be found - the answer to the question in the
problem.

Activity: Pass out the worksheet and have children write a story
problem for each. Allow the use of materials as needed.

LESSON THREE: Checking Up 2

Background: Children have had encugh experience with some of
the problems requiring multiplication and division to warrent
finding out which of these need instructional emphasis. Read the
material in the APPENDIX first.

Introductien: Each child should have 30 cubes of some kind and &
calculator. Remind them to use these to represent abjects in the
problems. “Listen as | read the problem and show it te you. First,
find the answer. | will read it a second time. This time
concentrate on the number sentence to show the problem. Then
CIRCLE the number in the sentence that answers the guestion in
the problem.”

Reveal the problems one at a time. Read each one twice siowly.
Give children time to THINK between each step. Analyze the
results to determine which kinds of problems to emphasize.

LESSON FOUR: Multiplication and Division
Introduction: Go through the problem kinds for multiplication and

division one at a8 time. Follow the same procedure as with
addition and subtraction.

Allow the use of materials
Emphesize writing number sentences
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Emphasize making diagrams to show the problem situstions

CHANGE 1: "I put S pictures on each of 4 bulletin boards. How
many picture did 1 use?” Materials to show this on the sverhead:

xx £XX XAAXX
x x XXXXX
X XXXXX
XX — XXAXX
XXX XX
XX xx
X

“There are 20 pictures sitogether.”
Number Sentence:

=4x3 “20 goes in the box.~

Pic ture:

TIT| | | | iviy|| 999

TE || e || g9

“There are 20 pictures sltogether.”

CHANGE 2: Joyce had 24 strawberries.. She gave 6 to each of her
friends. How many friends received strawberries? Materials to
show this on the overhead:

Sort out by 6's:




"There are 4 collections of 6, so 4 friends
received strawbermries.”

Number Sentence: 24 = 6 = -

"4 goes in the box."

CHANGE 3: George had 18 turtles. He gave an equal number to
each of 3 friends. How many turties did each friend get?
Materials to show this on the everhead.

Sort into 3 groups one st a time:

= bl = »nemn

" He =R
- " *‘H- —_— P
hal ol o sRN we
* » - e

“Each of the 3 friends received 6 turtles.”

Number Sentence:

=18+ 3 76 goes in the box.”

COMPARE 1: Francine has 6 nickels. She has 5 times as many
pennigs &8s nickels.. How many pennies does Francine have?
Materigels to show this on the gverhead:

€8
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Number Sentence: S 6= ’

“For each nickel, there are S
pennies For 2 nickels there are
10 pennies. For 6 nickels,

there are 30 pennies.”

“30 goes in the box.”

“For each nickel there are 5 pennies.”

TABLE:

Nickels

U o WA =

Pennies
5
10
15
20
25
30



COMPARE 2: Jene had 30 dimes. She has 3 times as maay dimas
as Pat. How many dimes does Pat have? Materials io show on the
overhead:

“Jane has 3 dimes {or every one
of Pat’s.”

“There are 10 groups of 3 so
Pat has I'0 dimes.”

PICTURE: PAT " JARE
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®¥®
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TABLE:

12
15
18
21
24
27
30

= &
VANV UN=S

COMPARE 3: Devey has 3 frogs. Paul has 12. Paul has how many
times as many frogs as Davey? Materials on the overhead.

Let's arrange these first as one of each:

X3 23
3
& x 3 & 33
X z 3 . |83 3B
z X 23
b3 3 &z 3
3




“"We can use another so there ere 2 for eech.”

L 33 33
5%
g 33

33
S 3%

“We can give each iarge frog 2 more, so:

X 3353

There are 4 for each one.”

111

S XXX

Number Sentence: =12+ 3 ~4 goes in the bex.~

CONPARE 4: John has 15 pairs of white scx and S pairs of colored
sox. He has how many pairs of white sox for each pair of colored
s0x? FHeterials to show on the overhead projector:

Let’s arrenge these first using 1 for 1:
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"How many more whites can we put with each colored one?"

“There are 3 whites
OCOOCOCOCOS for each colored one_"

OCOOCCOCO
SO OC
SPRDPDPDD

-sumber Sentente: 15+5= D "3 goes in the box."

-1
e,




Picture:

ESe

& P :
- /

COMPARE 5: His colored sox are what fractional part of all of his
SOX?

"How many sox does he have?" 20
"How many colored sox does he have?” 5
"3 is what part of 207" 1/4

it is unlikely your assessment will yield many students whe can
handie many-to-many cemparisons as in COMPARE 6-11. The ratin
woik that you do with that set of lessons 'give “e
background needed so these kinds of predl  can be worked on at
the next level.

LESGON FIVE: More Multiplication & Division

introduction: This is te introduce children to the selections
problems that lead to muitiplication and division.

Selection 1: Materials to use on the overhead.

“Gloria has 3 dogs ond 4 collars for these. In how many different
ways can she match a dog .sith a collar?”

“Let’s represent these. We'll 1et colored chips represent the
coilars and different shapes represent the dogs:

ERIC

A i Text Provided by ERic:



A is Fido

is Spot

<> is Rover
@ are the collars.”

“"How can we match the collars of different colers with the dogs.:

N
Q) ™
—~
A

A @ "Spot cen wear one of these
2 O coliers 4 different weays.”
¥

NG
AR

@@ ®




S L QOO e
~W O O s
~(w
~5 05 ¢

O

“"How many matchings do we have?"

“What are some ways that we could show this in a table or a
diagram?”
Dogs

0L B9 x

G

Number Sentence: =34
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Selection 2: In these the total number af pairs is known and the
numuer of things possible for one part of tho pair is known, so
division is neded.

“Frank can make 15 outfits including 8 sweater end a pair of
slacks. He has 3 sweaters to choose from. How many slacks does
he have?”

Let's look at a collection of peirs of UNIFIX cubes and try to put
them into an array by classifying them.”

Have fifteen URIFIX pairs:

2 with red followed by white, green, blue, brown or black;

2 with yellow followed by white, green, blue, brown or black;
S with orange followed by white, green, blue, brown or black
These should be in random arrangement.

“How shoeuld we classify these in an arrangement of rows and
columns?”

You should eventually get thr fellowing:

R| W R |G R |BI R |®Br. R | Bk

Y iw Y |6 Y| B Y |Br Y | Bk
!

o | w| e |6 0 | 8l 6 | Br 0 | Bk

“The first UNIFIX in each peir is the seme for every row and the
second is the seme for every -ciumn.”




If we knew the 3 colers used first or the 4 colors used second, we
could find the other one from the number of pairs. In this case:
123 =4¢0r 3=12+ 4

“You tell me what to do to work this problem.-

“Tim has 15 het and scarf combinatiens. He has 3 hats. How mangy
scarves does he have?” '

Activity: Give students some of the provided problems to work
on. Allow the use of materials te represent objects in the
problems. Have them write number sentences and circle the
number that answers “he question.

LESSON SiX: Two-stup Problems

Background: These problems involve the application of one
arithmetic operatior followed by another. To do these, children
MUST very thoroughly understand the situations that give rise to
the four arithmetic operations.

introduction: “Tom has 8 bags with 8 marbles in each bag. He has
another bag with 26 marbles in it. How many marbles does he
have in all?”

“Let’s look at this one step at a time.~ “How many marbles are in
8il of the 8 bags?" 64.

“He has another bag with 26 marbies. What do we do with this
267°

“How many marbles do we have in all?"

"Notice we multiplied first, then adned something to thet resuit.”

Write: =8x8+ 26

Do 8 second:
“Selly put 9 coins on each of 7 pages in her coin collection hook.

She had 77 other coins in a box. How meny coins did she have in
ali?”

7Y



“wWhat do we do first?”
“How many cains is that?”

"How do we get the number of coins IN ALL?"

“"What is the numbher sentence?’

EI:Q:{?*T?

Activity: Pass out the activity sheets and monitor the work
closely.

LESSON SEVEN: Nun-Traditional Problems

Background: Problem solving does not all fall neatly into cases of
adding, subtracting, multiplying and dividing, or combinations of

these. Some problems require use of other strategies. These
inciude:

Guessing and Checking
Making a picture
Making a table

Making a list

Finding a pattern(s)
But mostly, THINKING

Introduction: Work two or three problems that illustrate these.
Some examples are:

“Sam has 7 coins, all nickels and dimes. Their total value is 90¢.
What are the 7 coins?”

“Could all 7 be dimes? Why not?"
“Could all 7 be nickels? Why not?"

“whaet amounts could be in dimes?"

Q 8‘0




l.ist these as given:

Dimes:
10¢
20¢
30¢
40%

“What amounts could be in nickels?”
Discuss why they must ail end in "0".
List as given:

10¢

20¢

30¢

40¢

Make 8 table;

No. of Dimes Amount No. of Nickels Amount
@ 10¢ 2 10¢
2 20¢ 20¢
[3/ 30¢ 30¢
4 40¢ 8 40¢

"How can we get 7 coins?” Circle with colored chalk.
“Which gives 50¢?°
So, we have 3 dimes end 4 nickels.

“The time is 7:35. What time will it be in one hour and twenty-
five minuts?”

“What is the time are nne hour?” 8-25

“"What is 25 minutes added to this time?"

e £i




“So, it will be 8:50."

“Janis is thinking of two numbers. If she adds the two numbers,
it is 17. The larger is 9 more than the smaller. What are the
numbers?”

“What are sume ways to do this?” Pessibiiities include Jooking at
all 2 number combinations making 17. Another is looking at
numbers 9 apart.

Possibility 1: Possibility 2:
i. 16 ‘ 1. 10
) 2. 1S 2. 11
3. 14 3. 12
4 13 4 13
) 5. 12 5. 14
6. 11 6. 15
7. 10 7. 16
3 9
"How many af these “"How many of these
pairs have larger 9 more add to 177"

than smaller?
The result is clearliy 4 and 3.
“How much do 30 eggs cost if eggs are 66¢ per dozen?”

"What must we do first?” Pick up on suggestion to see how many
dozen in 30:

30:12=) |
[ ] =212

“"Now what musi we do?”

“Let’'s summerize sll we did in a number sentence.”

30 = 12 x 66¢ = / ]

“Could we have done this another wey?~ Make a table:

3

1558
O

&




Eggs ___ Cost
i 6 33
12 66 What we know
2 18 49
3 24 132

4 30 136 what we need

Activity: The attached set of problems should be uced a< a source
for giving problem solving work at least once a week.

Scmetimes have the childron work on these in pairs. Sometimes
work witlk the whole group ir analyzing and thinking through a
problem. Sometimes have children 1ist all of the different ways
to work a given problem after having worked it.

LESSON EIGHT:_Creating Problems

Intradyction: Explain to the children that they will he given
some information, but no question aboul it. They are to wrile as
many questions about this thet require 8 number as they can. Give
one example:

“The flag of the United Stetes has 7 red stripes and 6 white
stripes.”

Try in get as wany related questions as you can - for example:

“There are how many more red stripes?”

"How many stripes are on the flag?"

“The number of whita stripes is what fraction of g1l of the
stripes?”

Artivity: Uce the problem sheets. Have children write questions
about the infarmatinn given.



LEVEL FOUR

ASSORTED PROBLEMS TO USE

1. As a problem of the day
2. For assignments
X. For pairs of children to work on, etc.

1. Bridgeman’s is having an ice cream cone specigl. They
have cake cones and sugar cones. They will let you choese irom
thccolate, vaniila or strawberry ice cream. You can add crushed
nuts or marshmallow topping. How many different choices of an
ice cream cone do you have?

2. In preparing for a marathon, Frank ran every day of the
week for a total of 100 miles. He ran 13 miles on Saturday and
12 miles on Sundey. On the rest of the days he ran th: same
number of miles each day. How many miles did he run on the
weekdays?

3. Seversl children in the class have dogs as pets. There
are three times @s many Collies as Spaniels. There are 6 more
Spaniels {han poodles. Three children have poodies. How many
children have dogs?

4. June sold 28 paperbacks for 10¢ each et her mother's
garage sale. She has 27 paperbacks left. She wants to get a total
of $10.00. How much should she charge for each remaining
paperback?

5. Dean used pattern block triangles te make large
triangies. The largest triengle requirec 36 triangles. The side of
this triangie is how many times as long as the side of a patiern
block triangie.

6. Vicki, Shelley, Tom ard Chris each have a dog. The dogs
are Spaniel, Spitz, Terrier and Lehrador. Vicki has the Spaniel;
Shelley does not have the Spitz or the Labrador. Chris does not
have the Labrado~. wiio has which dog?

7. Al's 3 s(rnge rocket model is 120 centimeters long. With
the first stage removed, it is 74 cm. With the second stage

&d



remaved as well, il is 42 cm._ long. Which stage is the longest?
How much longer is it than each of the other two?

8. Linda paid for her records with $2.25 in quarters and
dimes. -She used 2 more guerters than dimes. What coins did she
give the clerk?

9. Terri's mother made a ceke ina pan @ in. x 12 in. When it
cooled, she frosted it and decided 1o put chocolate soldiers
around the top edge of the cake. If she put the soldiers 3 inches
apart, how many did she use?

10. Of the 30 players on the foothell team, all but 2 are
going to the <wards banquet. They will be seated 4 to a table.
How many tab.es are needed?

11. Tabitha numbered the pages of her diary. it has 150
pages. How many times did she use the digit "4°?

12. Lynn, Iris and Sue found & boxful of marbles. They set
aside half of them to use later. Each girl took 1/3 of the rest of
the marbles? Lynn received 12 marbles. How many marbles were
in the box?

13. Larry went smelting. Each time he dipped the net, he
h&éd 2 more smelt than the last time. How many smelt were in the
net when he dipped it the tenth time?

14. The 4th grade class has 5 gerbils and 2 cages. In how
many different ways could they be put in the cages, without any
cege being empty?

15. Phyllis’s mother went on a diet for 30 days. To make it
maore challenging, Phyllis's father said he would pay her $2.00 for
every day she lost weight, but would charge her $1.50 for every
day she gained weight. At the end of 30 days, Phyllis’s father
paid her $25. On how many deys did Phyllis's mother lose weight?

16. Denny mode a des! with his neighbor to mow his lawn.
He sa«d he would charge $4.00 fer each of the ¥y st S5 times and
$5.00 for each time more than 5. He mowed the lawn 12 times.
How much dic his neighbor pay Denny?

£y



17. Shelley and Gregg went te the movie. It started at 6:30.
Previews of coming attracticns took 12 minutes. Commercial ads
took 7 minutes. The film lasted 1 hour and 30 minutes. Their bus
1eft at 8:30. How leng did they have to catch the bus?

18. Tickets for the football game were numbered 500-1000.
Each person having a ticket with only one 6 and no other digit
smeller than 8 received a free banner. How many banners were
given away?

19. Fritz tried to make the longest UNIFIX link in the class.
He used 900 UNIFIX cubes. Each is 3/4 inch .ong. How iung was
his UNIFIX cube?

20. Red pencils are 3 fnr 89¢ and yellow pencils ere 4 for
89¢. If Tom's bill was $5.34 and he t.ught more yellow pencils
then red penciis, how many pencils did he buy?

21. 3 pound bags of potatoes cost 89¢ and i0 pound bags
cost 1.59¢. How much cheaper is it to buy a1l 10 peund bags if
you need SO pounds of potatoes?

22. 132 people attended Rocky Vill. Adult tickets cost
$4.00 and children’s tickets are $2.50. How many children
attended if the total receints for tickets were $4807

23. Two-thirds of Mrs. Runions class are boys. To even
things, 5 boys go to Mrs. Davert.'s class and 5 girls come to Mrs.
Runions’ class. Now only one-haif of irs. Runions’ class are boys.
How many studer” are in Mrs. Runions’ class?

24 write 5 division problems that have an snswer 7 R 3.
25. berte is now 7 inches taller then her brother Dean. She

grew 3 inches last year while Deen grew 4 inches. A year ago
Dean was 4 feet 3 inches. How tall is Gerte?

(¢.2]
(=
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'PROBLEMS TN USE ON ASSIGNMENTS FOR STUDENTS

These are alsc models of kinds of multiplication and division
probiems for you to use in writing more of these.

“Bridgeman’s has 10 flavors of ice cream and 5 different toppings.
How many different ice cream cones can be made?”

"1 put 5 pictures on each of 4 bulletin hoards. How many pictures
did ! use?”

"1 have 6 bags of apples with 9 apples in each bag. How many
apples do | have?” ‘

If 7 boxes of crayons kave 8 crayons in each box, how many
crayons are there?”

“Bill has 9 pennies. His brother has 4 times as many pennies as
Bill. How many pennies does his brother have?”

“Fre2’s marble bag has only -: marbles in it. John's bag has 7
times as many marbles. How many marbles are in John's bag?"

“Jane has 18 crackers. She put them into piles of 6. How many
ptles did she have?”

“If 24 appl.s are put into 3 bags so that each bag has just as
many apples, how many will be in each bag?"

“John caught 3 times as many perch as sunfish. He csught 15
perch. Hew many sunfish did he catch?”

“Bill’s box has 18 washers and 6 nails. He has how many times as
many vwashers as nails?”

"Paula has 2.1 different sweater and skirt gutfits. She has
sweaters. How many skirts does she have?”

"How meny 5-packs of pop do you have to have .0 bu so each sne
in a class of 54 can have one bottle?

“If 3 tires are sold with each car, how many tires in all have to
be supplied with 8 cars?
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“Jet plares have 4 ongines on each plane. How many engines are
there on 8 of these planes?”

“A wren weighs 4 ounces. A crow weighs 9 times as much. How
much does a crow weigh?”

“John has 6 shirts and 4 pairs of trousers. How many differant
nutfits of a shirt an¢ a pair of trousers can he wear?”

“Jean has 4 packages of jacks. Th:re are 16 jacks in each
package. How many jacks does she have?"

“If the hockey team plays 2 gan = a week for 3 months, how meny
games will it play?”

“A chess set has 4 castles. How many casties are in 9 sets?”

“John beught 5 bags of marbles. Each bag had 12 merbles. How
many did he buy?”

“Jean has 6 baseball cards. Tom has 8 times as many. How meany
baseball cards does Tom have?”

“72 eggs are put into cartons with 12 spaces. How many cartons
are used?”

“64 pencils are put into hoxes with an eque! number of pencils in
each box. O boxes are used. How many pencils are in each box?"

“If 72 straws are put into bundles of 8 straws, how meany bundles
are used?”

“63 marbles are put into 7 tegs so each bag has just as many
marbles. How many marbles are in each bag?"

“If you have 54 peenuts and give S pesnuts to each squirrel, how
many squirrels will be fed?”

“A classroom has 56 hamsters in 8 cages. How many are in each
cage if they sre equalily divided?”

&5



“32 Boy Scouts were divided into 4 patrols. Each petrel had just
a@s many Scouts. How many boys were in each patrel?”

“Jean works at the deli after schoel. She put 48 cans of peaches
in boxes with spaces for 8 cans. How many boxes did she fill1?”

“If 72 apples are put intc 8 bags with the seme number in each
bag, how many apples are in each bag?”

"How many 20 cent candy bars can you buy for one dollar?”

“How many weeks are there in 49 days?”

“What is the cost of six B cent pencils?”

“"How many hours are there in six days?”

“Hew many apples costing 20¢ can you buy for 80¢?"

“In cleaning up the piayground, 34 students worked on Thursday
and 48 studerts worked on Friday. How many studerts worked on

the two days?”

“The students picked up 432 cans and 172 botties. How many
more cans than hottles were picked up?-

“In starting a school garden, the sixth grade bought 7 packets of
seed, 15 tomatoe plants and 12 pepper plants. How many thing.
did they buy?”

“Janet picked 14 tomeatoes after schoel. Her sister picked 9 more
than Janet did. How many tomatoes did her sister pick?

“Terri had some beads for a necklace. When Elly gave her 15
more, she had enough to make a 34-bead necklace. How many
beads did Terri have to start with?”

“Peter has 12 cassette tapes that play for 60 minutes each. How
many minutes would it take to listen to all of the tapes?”

“A factury has 260 chairs. One store ordered 144 chairs. Another

ordered 152. How many more chairs does the factory aeed to fill
both orders?”
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“A carton holds 15 screwdriver sets. Each set has 6
screwdrivers. How many screwc ‘ivers will be sent out in 8
cartoens?”

“If the school store has 120 pencils at the beginning of the week
and 63 at the end of the week, how many pencils were sold during
the week?”

“if the school store sold 29 green binders and 34 blue binders,
how many binders were sold in all?”

“if the store sold 93 notebooks in April and §34 notebooks in May,
how many fewer were sold in April?”

“The footbell team agreed to share the cost of the hamburgers and
cakes squally. If these totalled $17.92 and 11 ~layers shared the
cost, how much did each pay?”

“If 45 seats are in 5 equal rows, how many seats are in each
row?”

“How many cookie
s wouid each person get if a bag of 144 cookies was shared by 24
students?™:

“How many oranges are in 6 crates that hold 86 each?”



10.

SOME PROBLEMS TO USE FOR GROUP SOLVING AND DISCUSSION
Problems without Questions: Children supply Questions

Frank bought 5 pairs of skates for a tetal of $200.00. He
sold them for $65.00 a pair.

Mrs. Peterson can make 10 qusrts of strawberry/rhubarb
sauce at a time in her soup kettle. This past summer she
canned 6 gallons of sauce.

A recipe for cookie dough is enough to meke 3 dozen cookies.
Joan's sister made a8 4-recipe batch.

The following price list is at the sporting goods store:
Hockey sticks
Hockey gloves
Hockey helmet
Hockey shin pads
Hor .2y shoulder pads
¥ .-key sketes

Tina and Vera play basketball. Here is their scoring so far:

Game 1§ hGame 2 Game 3
Tina 19 17 i4
Vers 21 18 ig

Jean sold 9 boxes of Christmas greeting cerds last week.
She paid $1.50 for each box and sold them for $12.25

Peter has 4 pairs of slacks and 3 sweaters. He can wear
any sweater with any pair of slacks.

Ronald runs for 10 miles each Monday, Y/ednesday and Friday,
and 13 miles each Tuesday, Thursday and Saturday.

A class ordered soft drinks for 8 picnic. They ordered twice
8s many cokes as roct beer and one more orange drink than
Pepsi. There are 12 ccle drinks and 7 root beers.

When Jim applied for a job, there were savers! others who
81s0 did. The Hardee's manager seid, "Show me how to meke
chenge for 8 25¢ piece without using pennies.”



PROBLEMS TO SOLVE AS A GROUP EFFORY

1. when John bought & new house, he found § place with a perimeter of
18 ft. where 20 tiles were missing. if each tile is a square foot, how many
tiles were missing?

2. When Jacqueline went to work as & babysilter, she ..greed to pay of §5
plus a bonus of $1/hour for each.hour spent. The Jacksons went out for 6
hours one night. How much was Jacqueline paid?

3. Time found that 4 out of every 10 kites made by a certain compeny
have one cracked strut. How many cracked struts would he find in a
shipment of 250 kites?

4. Theresa has 10 pages of science {o read before class. If each page
has an average of 40 lines and each line an average of 10 words, will she
have time to read these 10 pages if she reads at an average rate of 30 words
per minute?

3. Tom is learning to play & new guitar. He had learned 3 songs on his
friend’s guitar. At the end of the first week with his own guiter, he could
play S songs; at the end of the second week, he could play 8 songs; at the end
of the 3rd week he could play 12 songs. If he continues to learn new songs
at this rate, how many will be know at the end of the 10th weeké

6.  Fritz has $15 to buy pap for a party. If Pepsi costs $3/case and Coke
$4/case; if he buys st least one case of each, how many cases of eac*. does
he buy?

7.

v

\\g \\
~~

How many different ways are there to get from A to B usirg the
doors?

B.  Tom bought 8 erasers marked "2 for 25¢". How much did he spend?

3
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9. Joame saves 50¢ of every $3.00 she earns. If she earns $24.00, how
much does she save?

i0. On Loon Lake, there are S motorboets for every 3 canoes. On 8 Sundoy,
Tom counted 25 motorbosats. How many canoes were on the lake?

w
3




10.

PROBLEMS TO DETERMINE OPERATIONS TO USE

Paul climbed up the tree to get as close to the top &s he could. How
much more must he climb?

Susie ate some cookies and shared what was left equally with her
friends. How many cookies did esch friend get?

Trm'y dog weighs 3 1/2 times as much as Louise’s cét. How much
does Tom's dog weighté

John bought several cases of soft drinks having the same number of
cens in 8 case. He and his friends drank some. How many cens were
left?

Lewis runs a mile in several minutes. Franko takes longer to run
& miie. How much longer does it teke Franko?

The Bears won some games; lost some games sand tied some games.
How many gemes did the Bears play?

Bananas are on sale for so much per 1b. How much did Tom's mother pay
for & given number of pounds?

The earth is g given distance from the sun. Mers is 8 greater distance
from the sun. How much closer to the sun is the esrth?

Empty bottles are sorted out into bottie cases. How many cases ere
needed?

lke's bicycle got a flat halfway between Pottsville and Center City.
How far had lke travelied?



PROBLEMS TO USE - MISSING INFORMATION

1. John scid both wild rice and bluekerries. He sold wild rice for $4.00
per pound and blueberries for $2.00 per guairt. How much did John make?

2. Paul can cut & lewn in 3 hours How many tawns did Paul cut?

3. Grace made ten dozen cookies to sell. How much Jid Grace receive
Tor her cookies?

: 4 Tom spent $6.89 at the store for school supplies. How much chenge
did he receive?

3. Jean played 5 caseties during one week. How much time did she spend
listening to cassettes?

6. All horses have four 1egs. How many legs are on 81l of the horses
in the corral?

7. A schoo! bus can carry 48 passengers. How many buses will be needed 1or
the First Elementary School?

8. John had 50 Indianhead pennies in a box. He added some mare.
How many did he a4d?

Q, Frences took her change as & dinle, & nickel and 3 cents. How
much did the pencil cost?

10.  Thirty students took out library books. How many did not return
their books?




PROBLEMS TO USE - USING APFROPRIATE DATA

If six Huskies pulling a sied can travel 24 miles per hour for 12 hours
esch Jay with a load of 600 pounds, how many miles to they average
1n 6 day?

Tom raised bunnies. He sold 6 of those he raised for $24 apiece.
He had 8 left to sell. How many bunnies did he raise?

Joyce bought 6 cartons of milk. She paid $3.00 for these. Two of the
cartons were sour. How much did each carten cost?

Eileen read the sign as: “Coffee $2.69
Eags ¥ 55
Butter $1.29
Milk $2.09"

She boughi milk and eggs. How much did she spend?

Fred bought 8 shirt for $4.00, e sweater for $15.00, and 6 pairs of
stockings at $1.98 each. He returned 3 pairs of sox. How much
money, did he get back?

The Boys Club sold maegazine subscriptions to raise money. They

sold 90 subscriptions and made $1.50 on esch subscription. They also
sold books costing $5 or $9 each. How much money did they raise
through selling magazines?

Popcorn is sold in 10 sound drums for $30.00. After being popped it
is sold in bags costing 35¢. How much de B bags of popcorn cost?

Here are the savings for the Jones brothers:

Tom - $6.95
Bob - $6.25
Sam - $7.15
Herry - $5.90

Bop saved how much less than Tom?

Jaanne had 24 popsicles. She ale 3, 4 melled, and she gave 12 awey.
How many popsicles did Joanne start with?



LEVEL FIVE

Interpreting tables, graphs and cherts is importent in the use of mathematics. These
lessons give experience in constructing, interpreting ang using these.

N ONE: hin a
"Last year the class kept a record of the days when snow fell. They found the { ollovving ™
Write on the boerd or overhead:

October 2

November Q
December {4

January 12
February 13
Merch 8

"How can we show this information in a graph?"

Discuss grephs; their Components, etc. The responses to the guestion and discussion
ensuing should result in seversi graphs. Show all of these.

BAR GRAPH (horizontaj)

December SREE

February 111

o7
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VERTICAL BAR GRAPH
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Getcoer November December Jancary Februarg March

CIRCLE GRAPH

October

March
November

February

Decomber

January

Use approsimation to get these. There are 60 days of snowfall. 1/4erein Februery; 1/5
in January, etc.



Pass out the worksheets. Have children make bar graph and circle graph for each set of
data.

LESSON TWQ: Interpreting Graphs

Make an overhead transparency of the graph provided. Place this on the overhnad.

“This is a graph of the favorite soft drinks of a group of students. Lel's answer some
question s about this graph and the information on it.”

“Which is the most populer drink?"

"Are any drinks of equal popularity?”

“Which is the least popular drink?

“Is there & third most popular drink?”

“Do the children preferring orange o white soda equal those preferrng cola?”
“Twice as many children prefer co'a as prefer what drinks?”

"More than twice as many children prefer cole as what other drinks?”

Use the transparency of the circle graph provided:

“Which is the most papular cereal?

“Which is the least popular cereal?”

"Do more people prefer hot cere=! or cold ceresi?”

“What is the popularity of the ~ereals in order? from most populer to least
popular?”

"How could we put this same informotie.. into a bar graph?”

The latter question will take some time. The parts will have to be totalled in order to get
some comparison between the parts. Angle measurement may have to be introduced so
numbers can be assigned to the parts.

LESSON THREE: Using Tables

Put an overhead transparency of Teble 1 provided on the projector.

“This is a table of the paper loops a student added to make a Christmas tree chain. He
worked for seven days ¢nd stopped.”

"How many loops were in the chain at the end of the 4tn day?”
“How many oops more did he add each day then he had sdded the day before?”



“IT he continued the chatn for 2 more days, how mey 1oops would be w: the chain?”
“Can you write a formula for finding the length of the chain when you know now many daygs
he yorked?"

Now put a transparency of Table 2 on the overhead.
“How do we find wha! to enter for ‘miles travelled'?"
"How do we determine miles per gallon?”

"What was total miles driven in this period?”

“what was the total number of gallons of gas consumed”
“What was the AVERAGE number of miles per gallon?”

Ask the cless to find graphs and tables in newspapers and magazines to bring to class. Use
these for group activity fer interpretation.

Prepare questions about these tables and graphs.
Have students suggest questions that could be answered by study of the {ables and grephs.
LESSON FOUR: Making Circle h

Circie graphs may necessitate dividing a circular region into sectors using ang'e
messurement. Here are some basic fscts thet students must use to do this.

1. There are 360° of arc in the circie and the sum of all of the centra} angles of &
circle is 3600 T

el ~.

; < €.
M1 ¢ X¢M CY+m < 2#Mew =3600

2. Central/ s can be found as fractional parts of 3608 Thus the regions formed will
be fractions! parts of the circular region.

Q 180
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a central { uf 90 divides a central { of 609 a central Lof 720
into fourths into sixths into fifths

a central Lof 1200 into thirds, etc.

Consider this data;

Protein Grams Fat Grams

Big Mac - McDonald's 26 33
whopper - Burger King 26 36
Double burger - Wendy's 44 40
Roast Beef - Hordee's 21 17

we could graph the relative amount of fat in each.

1. Totsl fat grams = 126
2. 3600+ 126 = 3-9= 126
3. 3833~ 93 or so for Big Mac
3 %36 = 110° for Whopper
3 X 40 = 12C° for Wendy's
Balance for Hardee’s

Result:

0. i01




Yhepper

GRAPHING: Sources of Deta

Class activity should generate data to be used for graphing activity. Some sup-estions for
this include:

"Write down a numher between 1 and 10"

The months in which students have birthdays

The numier of brothers and sisters

Target circle games - dropping orto a target circle from e height, etc.
word counts from magezine and nevrspaper clippings.

Vowel counts in 8 set of words

Spinner games

Tossing games - into cups, etc.

. Word lengths

10. Student heights and weights within ranges - 1 inch, S pounds, etc.

11. Rolling dice

12. Tossing coins - one, two, three at a time

13. Tallying days of snowfall or rainfall

14. Counting mekes of cars in a parking lot

CANOUTL WN —
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TABLE 1§

Day 1 | 2 3 4 2 6 7
Loops Added | S 7 9 it 13115 17
Chain Length | S 12 16 20 124 128 | 32
TABLE 2

HMileage at Start 8930 8210 2320 9510 G730
Hiieage at Time

Tank Filled 9120 89320 9510 Q730 9900
Miles Travelled 190
Gallons to Fill Tank 10 9.3 i 14 8
Miles Per Gallon 19




Full Tt Provided by ERIC.

LEVEL FIVE
MEASUREMENT

LESSON ONE: Length

Introduction: Review the meesurement of length using the stendard units of
inches and centimeters. Use overhead transparency rulers and lines on
transparencies to:

1. Measure to the nearest UNIT
2. Measure to the neares. parts of units, such as “1/41in", etc.

Give students the worksheets to complete. The group measurements should
involve objects in the room.

LESSON TW0: Area

Introduction: Use & centirneter square graph paper with shapes traced on it
to review the counting of square units within the shapes. Point aut how
sometimes halves of squares can be sdded together to get squares, while at
other times good estimates heve to be made of the total of several small
parts of squares.

Pass out the worksheets for studen?s to work on. The', should be used in
sequence:

1. Shanres on graph paper
2. Shapes o cover with graph paper transparency
3. Shapes to find area for using dimensions given,

LESSON THREE: Geoboards

Introduction: The use of geoboards should be easy to introduce after heving
had yraph paper introduction to area. Use geoboards that have 8 rectangular
coordinate system as background:

it



00006
60000

06009

Start by framing with bands & few shapes that have right angles end sides
along the lines of the coordinate system.

etc.

Then use g band to divide squares and rectangles into 2 par!s.

Y

Point out that each RIGHT TRIANGLE formed has sn ares 1/2 that of the
shape it is in.




LESSON FOUR

Make @ rectangle on the geoboard:

Use & second, different color band and make a parslielogrom over the
rectangle.

NEEE
|
[ U

[HT

"How does the areq of this shapc compare with the area of the rectangle?”

Point out that the RIGHT TRIANGLE taken off is the same as that added on to
the right. Each is half of 8 4 x 1 rectengle. Move the second band o the new
position shown:

A 114
AR N/

Vi

/AN

"How does the erea of this paralielogram compare with the original
rectangle?

Agein equa! triangles are involved - one {aken away and the other added to -
the rectengle. Each is helf of 8 2 x 3 rectangle.

195
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"what has stayed the SAME in changing the rectangle into parailelograms?”
Continue questioning until you get at the ides that:

1. The base is the same, and
2. The height (distance between opposite bases) is the s.ame.

GENERALIZATION: AS LONG AS A SIDE AND THE DISTANCE BETV/EEN IT AND
THE OPPOSITE SIDE ARE THE SAME, THE AREAS OF PARALLELDIRAMS WILL BE
THE SAME. {including rectangies)

SON FI

Introduction: Make a rectangle on the geoboard. Stretch 8 band on a diagonal
to make two congruent right trisngies.

“Each triangle is 1/2 the erea of the rectangle.” “The rectangle and triangie
have & side in common and the ssme height.”

Elaborate on this theme with other rectangles. Make a parelielogram on the
geoboary. Stretch a band along e diagonsl to make two congruent triangles.
"Each triangle is 172 the ares of the parallelogram.

“The parallelogram and the triangle have a side in commen and the seme
height.”

If necessary, use the tempiate to make paper rectangles and parallelograms.
Have the students cut them in half along diagonals; both diagonais for
perallelograms; and match them to be sure they sre convinced the twu aress
of triangies formed are equsl.

i€3



Ask why the aree of triangle A is equal to the area of triangle B.

Once students know how to use two dimensions to find ares of rectangles
and parallelograms, they should be able to use area and ONE dimension to
find the second.

Put a rectangle mede of graph paper on the overhead projector:

“What is the ares inside of this rectengle?”

“what is the length?”

“what is the width?"

“If I'know the length and width (point 1o each), how do | find the ares?"
“If | know the area and one side, how do | find the other side?"

Write:
Area=-3x7=21
Width=21+7=3
Length-21+3:-7

Assign the worksheets in order: (1) jraph paper
(2) “open” shapes

L N SEVEN: Review of Volume
Introduction: Review the idea of CUBES in vol'me of rectenguisr solids by

building a few from inch cubes or MULTILINKS. Remind the students that the
volume is found using the THREE dimensions of the rectangular colid.




The worksheets piovided have solids to find volume of.
GHY. Geoblocks

The attached forms describe ail geoblocks in 8 set. The cube labelled "ONE™
is to be used along with these circled.

Use these to show the students how volumes can oe releted to other
volumes. In particutar the triangular prisms should be shown to be half of
rectangular solids like right triangles are half of rectengles. Worksheets
are provided to have students calculate volumes of cubes and triangular
prisms.

ili
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LESSON NINE: Creating More Problems
Write this number sentence on the chalkbhoard: 8+ 7=5x 3

“Both sides are 15.7 Circle 8. ®+ 7=5x%x3

“Try to write 8 story problem that uses, 7, 5 and 3 with a question that “8"
answers. '

Discuss these. Pay particuler attention to proper interpretation of the
operations into language. Discuss the variety of problems and different
kinds of problems. Follow by selecting each of the remsining 3 numbers as
the “answer” and having children write these problems.

Pass out the worksheets ang have children write problems.



THE ROD COWk

[] waiTE=w

RED =R

GREEN = &

PURPLE = ¥

YELIOW =¥

DARK GREEN = D

BLACK =K

BROWN = N

BLUE = E

ORANGE = 0

o R ORANEZ + another rod in & train = G+

faze 4,
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LEVEL FIVE
FRACT iONS
E ORE: iew of Basi 10N

Int. oduction: Plsce a cuisenaire D rod on the overhesu with G and R rods
below it; '

6
R

"D is one. What fraction is G? R?" “Which is longer?” “Which fraction is
greater, 1/2 or 1/37"

JOnG &R

“What is the result of adding 1/2 te 1/3?" Compare G withR:
G
R

"What is the difference between 1/2 and 1/3?°

You msy have to emphasize the fact the W= 1/6 when D= 1.
"How meny R rods or 1/3's can be made from the 6 rod or 1/27"
Write: 1/2+ 1/3=11/2

"How many G rods or 1/2 can be made from the R rod or 1/3?"

“Only port of a G rod cen be made, so the result is a fraction.”

i w |w
&

R
w v

Point out the R rod is 2/3 of the 6 rod, so 1/3 + 1/2=2/3 « 3/6 = 2/3.

T‘ « 116




"Is there & rod that is 1/2 of 1/37°
Write 1/2x 1/3 = 1/6
"Is this same rod 1/3 of 1/27°

Point to the three W's that are equivaient to the G or 1/2 rod if necessary.

11 1. 8

Place a square divided into fifths on the overhead:

“This one is divided into FIFTHS."

Cover 3 of these:

“what fraction is now showing?”

"I w11l take 1/3 of this fraction.” Place 8 square divided in THIRDS over

/ 4
/ﬂ

"How many perto sre there here?"

“What size ere these parts?” Emphasize how the FIFTEENTHS are obtained.

Q 117




“Does a FIFTEENTH measure 8 THIRD? How many are needed?” “Does &
FIFTEENTH measure a FIFTH? How many sre needed?”

A FIFTEENTH is a COMMON measuring unit since it measures both.”
Consider this case:

3/5, 213
“¥hat is the common measuring unit?” “This is a common denominator?”
Write the frections with this new denominator:

9/15  10/15
"Now these are like anything else that could be named, such as 9 boxes and

10 boxes, or 9 cookies and 10 cookies, so they are added, subtracted, and
divided the same wey."

Joining we get: 9+ 10 = i9
15 i5

Finding the difference, we get: 10-0 = |
15 15

Dividing we get: 9+ 10=9/10,0r 10 -9 = 10/9
3/5+2/3=9/15+10/15=9/10
2/3 +3/5=10/15+9/15 = 10/9

Pass out worksheets for students to complete. Have cuisenaire rods hendy
for students who need to use them. Remind them to use:

D = ONE for sixths, halves and thirds

N = ONE for eighths, fourths, halves

0 + R = ONE for twelfths, sixths, fourths, thirds, halves

113



Al50 remind them to multiply both numeraicr and denominator by the
denominator of the OTHER fraction in changing to equiveient fractions with
@ common denominator.

1/2% 173
Ix1/2=3/6 , 2x1/3=2/6

175 + 273
3x1/5=3/15 , 5x2/3=10/15

LESSON THREE: Rectangle Multiplication

write 2/5 x 2/3 on the bosrd. Put a greph paper transparency on the
overhead end made a 3 ¥ 5 rectengle on it. Point out this is the product of
the denominators.

5]
|

“Hov manrg anits are ip
the rectangle?”

Now make 8 2 x 2 rectangle inside of this. "How many units in this?"
Our product then is 4/15.

Do & second rroblem as suggested by the students. Use additional
worksheets that involve more complex problems.

I
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LEVEL FIVE
DECIMALS

Background: Students must integrate the concept of fraction as "equal perts
of 8 whole” with place value representation to understand decimal
representation.

Several models can de used o i!lﬁstrﬁte decimals. Students should have
been exposed to all of these at Level Four. These sare:

Cuisenaire Rods with 0-the orange rod - equal to ONE. Each
of the remaining rods then represeri TENTHS.

Basa Ten blocks with the TENS pieces representing ONE.
The ONES pieces then are TENTHS. When the HUNDREDS
piece represents ONE, each TENS piece is a TENTH and the
ONES pieces are HUNDREDTHS.

Hundreds squere graph paper that con be shaded in
to show decimal parts.

LESSON ONE: Review: Reading decimal numerals

write 125 on the overhead or chalkboard.

"Read this numera) in words,” (one hundred twenty five - DO NOT PERMIT
"AND' AFTER THE HUNDREDS PLACEW) "

“What digit is in the HUNDREDS place?”

“What digit is in the TENS place?”

“What digit is in the ONES place?”

“What does the "2’ count?”

"How many tens are in the number?”

Differentiate between 12 tens and the 2 in the TENS place.

write 3.85 on the overhead or chalkboard.

o 1,
&5
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"Wha! does the 3 count?” (ONES)
"Whet does the 6 count?” (TENTHS)
“what does the S count?™ (HUNDREDTHS)

Place a hundredths graph on the overhead.

i
“Each square is ORE
divided up into s
1 hundred equal parts.”
Shade in the 3.85 on this:
N\ N\ N
EREES

“"How much is this less then four?”
“Is this more or less then half of a 4th ONE?"

Emphasize Lhe difference between TENTHS and TENS

HUNGREDTHS and RUNDREDS
Do several examples, showing the graphic representation each time. 3.08,
2.50, 1.96 for example.

Assign the worksheets for children to complete.

bard
T3
oy




COMPUTATION IN BASE TEN: BACKGROURD INFORMATION

Children should have had previcus experience with oral rehearsal
of multiplication facts for small numbers iess than ten such as
7x8 = ?. They should alsc have had experience with responding to
open sentence stimuli like 9x6 = and = 4x7 for these
same numbers. The idea that multipling by the tens place s0 as to
change each place value digit to count the next larger group size
should also have been well developed and the children should hove
had orel practive and written practice with stimuli like 13x 10,
24x10, etc. They elso should have immediste response knowledge
of the effect of multipiying by the hundreds lace on which group
sizes the digits in the positional notaetio nrepresentation are
counting, ie, 100 x 7 = 700, 100 x 14 = 1400. Such knowledge is
prerequisite to using mulliplication in a place value system. The
“basic facts” of place value multiplication must be done with
understanding. These are before regrouping.

Counters x Counters = Counters
Ones x Dase = Base

Base x Base - Base Squered

Base x (Base)? = Base Cubed, etc.

In base ten these transiate inte seven x three - twenty-one
three = 21 (after regrouping).

10 x 7 = 70 (7 tens)
30 x 20 = 600 (6 hundreds where hundred = {ten)?
20 x 400 - 8000 (B thousends where thousand = (ten)3

Give some oral review of ten times various one and two digit
numbers and one hundred times these. Then try 20 times 30.
Remind students that these products have 2 important features -
the counter multipiication is like that with small numbers and
the place value group “size increase” feoature.




LEVEL FIVE
General Review of COMPUTATION:
1. Periodically give e muitiplication table to complete.
2. Use overhead transparency base ten blocks. Arrenge these on the overheed so & cover can
graduelly be slid away to reveal hundreds, tens and ones arranged in differant weys. Students
are to give the totel shown each time the “over is moved. (see, Level Four: Lesson One)
LESSON ONE: Mujtiplication
Use greph psper ranspurency thet is merked into one hundred blocks. Write a probiem on the

board, such as 32 x 27. On the graph paper, outline as shown:

10 10 10 2

&

20}

i M
|
—-E-———m u--i--q- - —
fasnl
- Point out the partiai products:
v 32 32
) %27 x27

i3




i. 30 x 20 = 600 2201 =40

32 32

x27 x27

3.7x30=210 2x7=14
total - 864

write this as expanded notation:

32 = 30+ 2
27 = 20+ 7
Show the same 4 partiel products

Write this as a binomial product: (30 + 2) (20 + 7} and multiply first by 30, then by 2 to get
600 + 210+ 40 + 14 = 864

Remind the students T can represent ten so 30 = 3T,50 = .
TxT=T2 s03Tx5T = 1572 or 15x% 100 = 1500

Pass out worksheets for students to work on. Allow for use of base ten blocks if these are
needed by some studsnts.

LESSON TwO: Multiplication 2

Use base ten blocks in overhead transparency form. Write a multipiication example and place
the corresponding base ten blocks in standard computation form:

RS
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“What is the result of multipiying 2 tens X 3 tens?” Put the hundreds in:
AARNINER oooooa

gooon

AR

“What is the result of multiplying 2 TENS x 5 ONES?" Put in the tens
AR RERRERERE

\Q“Q\\ SRR \\\

AT

AR

A
\\\\‘\3\\\\\\\\\ AN




“What is the result of multiplying 6 ONES by 3 TENS?"

AR

ARMRRRRR

>, RS
UEANINRINNRINNY

AR RN

Put these tens in place:

9,

C i O 1L ] OO0D0aon
C ] 1 I L 1 0Ooon
C 1L ] 1 ] 00000
C 1C 1C—3 00Oocao
— 1T 1 I ] O000ooo
[ 7 ] [ J 0ODoOgoon

“what is the result of multiplying 6 OKES x 5 ONES?"
Put these in also (2)
“What exchanges can be made?
First 30 ONES for 3 TENS, leaving O ONES
Then 20 TENS for 2 HUNDREDS, leaving 1 TEN
Then 10 TENS for 1 HUNDRED
The totel is then 9 HUNDREDS

| TEN

0 ONES

Do a second example. Then pass outl worksheets to do. Have base ten blocks available or
those who need them.
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EE: Divisi

Use overhead transparency graph paper. Write a division example such as: 385 = 23.

Mark off the division on the graph paper
1

“We must find the other side of the largest rectangle we can meke from 385 units ares.”

Go down ten units and drew a line {1). "How many units are used up if the other side is here?”

{230)
Subtract this from: 385
=230
155

"We still have 155 units. How many 23's are in this?"

This is a good chance Lo have the students estimate. Encourage them {o use a low estimate.

"We'll try 6 units” (2)




"This uses how many more units?”
Subtract 238 from 135: 135
=138
17

“17 is t-0 small to make another row. So our longest side is 16. 17 is a remainder.”

Write: 385 +23=16R 17
Do 8 second example. Pass out worksheets for students to complete.
ivisio S

Introduction: This is a review of the traditional long division algerithm, but with an
emphasis on the place value nature of the operation. Write the following on the board: 276 +

13.

Arrange the following on the overhead projector with base ten blocks. Relate each group of
blocks to the digits in the standard form:

@lg ’. ""2}5 S %

“Whet place is the result of dividing hundreds by the tens?" (TENS)
"How many tens result from 2 hundreds + by 1 ten?” (2)

Put the two tens as shown:




“2 tens x 1 ten equals how many hundreds?" (2)
"2 tens x 3 ones equals how many tens?" (6)

“We have used 2 hundreds =nd 6 tens.” Remove these.

“What is one ten divided by 1 ten? (1 unit). Put thet in the quotient.

“fhis unit times the divisor uses 1 ten and 3 ones.” Remove these.
“These 3 units are the remainder. Write: 276 + 13=21R 3.

“What if the divisor is 14?"

"2 hundreds divided by 1 ten siill gives an ESTIMATE of 2 items. But when we multiply 2 tens
X 4 ones, § tens wnuld result, and we have only 7 tens so the ESTIMATE is too high. We cen
use onty 1 ten.

TRy




"1 ten multiplied by 1 ten gives | hundred.” Remove one.

“The ten multiplied by 4 ones gives 4 tens.” Remove 4.

“We have already divided hundreds by tens, so whet must we do with the hundred?” {irade for
ten tens.)

“Then we can try numbers of one 9 or less.”
“why must these be 9 v less?”

“Considering the number of ones in the divisor, what number less than 9 could you be su 2 of,
So that what is left of the dividend is enough?” Try 5.

"5 times one ten = 5 tens” Remove 5 tens.

"3 times 4 ones = 20 ones = 2 tens. Remove 2 tens.
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“Thet was a low estimate. No harm is done. We can still make the quotient larger. How much
more should we make 1t1?" (accept any suggestion of 4 or less and try it.) The result should be
276 < 14= 19R 10.

Contrast this with:
10 4

276
10 100 |40 140
136
70

) 50 20
66
56

4 40 ié

10 remaiader

Have students work in pairs on worksheets provided.
FIVE: Horizonta} F

Introduction; Write 21 x 16. Arrange base ten blocks on the overhead.
n EEE
¥ j|EER
"2 TENS x 1 TEN equals how many hundreds?”

n L 1
| PSR

isi



"2 tens x 6 ones equals how many tens?"

| =R E ,
1™« Jaas - =l

"One x one en equals how meany tens?"

_ amnm
1™ xllaas - ==l |

“One equals 6 ones equals hoy many enes?”

NER
"R =<3

"What trade cen we make?"

‘
-

Show this in symbals.

{20+ 1)(10+6)= 200

(20+ 1) (10 + 6) =200 + 120

(20+ 1) {10+ 6) =200+ 120+ 10

(20+ 1){10+6) =200+ 120+ 10+ 6 = 336

Have students work in pairs on worksheets as provided.



LEVEL FIVE
EOMETR

LESSON ONE: Review Ares

INTRODUCTION: In Level Four, students had to find sreas using geoboards, tangrams and
pattern blocks. This lesson is to review these ideas. Use a graph paper rectangie on the
overhead:

6

“The area in square units in this shape is the product of 3x 6= 18

Alongside this place the f ollowing graph paper parallelogram.

/
/

/

“what is the area of this shape?"

Write in the dimensions as shown-
6

v /
3
t/

“The areas of rectangles and paralielograms are found by multiplying the height and a base.

6
1 7 oint to e
3/ / :idets:lm:::a
v/ -—

“Is this the height?" Discuss the difference between the height and the “slant” side of the
parallelogram. Pass cut the worksheets f or students {o complete.




B

LESSON TW0O: Review Perimeter

INTRODUCTION; Students have had experience finding perimeters in Level Four. This lesson is
to review thet concept.

“Draw a shape thet has e ot of perimeter, but & littie area "

Discuss these to emphasize perimeter is length of lines “around” the shape - are is space
"within" the shape.

“Draw a shepe that has & 1ol of area, but little perimeter.” The shape that encloses the
greatest area with the lest perimeter is the circle. Discussion of this question should
eventuslly leed to thet ides. Remind the students thet triangles have 3 sides to add together
to get the perimeter, rectangles, squares and parallelograms have 4 sides Lo add together to
get the perimster, etc.

Yqve pairs of students complete the perimeter worksheets.

LESOON THRFE: Triangles

Intruduction: Put e graph paper transparency rectangle on the overhesd projector.:

"Whet is the area of this rectangle?” Draw a diagonal in this:

//"H

Za

“"How many triangles are found?"

s
r

"Each has whet part of the area of the rectangie?"
“Can any rectangle be divided into two perts this way7"

“Will the two triangles formed always each be one half of the rectangle?”
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"Place a greph paper triangle transparency on the overhead.”

e

“What is the height of this?”

"What is the long side of this?”

“What is the area of this?"

Remind the students thisishelfofadx 7 rectangie so that the area is 14.
“Count and combine the squares to find the erea a second wey.”

Have students worlk in pairs on the worksheets provided.

LESSON FOUR; Other Triangies

Introduction: Put & graph paper transparency paralielogram on the overhead.:

J
f )

“What is the eres of this parellelogtam? it is 4 high and 6 on the base.”

Draw a line in connecting two opposite vertices:

ke

“Are the two trisngles formed alike?"
“Each is what part of the pareilelogram?”

“What is the height of the parelielogram?"



“What is the height of each triengie?”

“Whet is the base of the parallelogram?"

"'wyat is the area of the parallelogram?”

“What is the area of each triangle?"

In summary:

Paralielogram  4(ht.) x 6 (base) = 24 erea. Triangle is 1/2 of this or 12 each.

Use & second graph paper parallelogram just like tne first. Draw the other diagonal on it:

/: B o

L jinmEse
‘ N

“Are ke iwo triangles in the second parallelogram slike?"

“1s each half of the paralleiogram?

“Does each have the same ares as the triangles on the other pars!lelogrem?”

"Does the erea in one triangle in the first eque! the area of one triangle in the second?”
“Do a1l four triangles have the same ares?"

Discuss this thoroughly. The triangles ALL have the same height and the same “base.”

Consider two triangles - one from each paralielogram by cutting the transparency and placing
one triangle on top of the other:

N d

“These have the SAME base (point to it - 6) and the SAME height (point to these - 4), so have
the same area.” Each is half of the SAME paralielogrem.”
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N FIVE: Circles ci nce

Introguction: = This will be 8 new topic for the students. Materials necessary are solid disks
of differen: sizes, plastic covers of cans, empty cens, such as coffee cans, party nut
containers, etc.

Have the students use -'tring and measure the distence "ARDUND" (CO several cuns, disks, etc.
Also have them measure the distance ACROSS (d) the widest part of the circle. The results
can be recorded in the accompanying record form.

The results of caiculating the ratio of C/d will be somewhere in the range 3- 3 1/40or 3 -
3.2. The idea to emphasize is that it is CONSTANT, no matter how large the circle.

LESSON Siy: Circles - Aree

Introduction: Heve students use the squeres on the graph peper transperency to estimeic the
AREA of the circle.

-

"What is the distance Across {DIAMETER) of the circle?"
“The CIRCUMFERENCE (distance AROUND) is s little more than 3 x this"

“Find CD divided by A". This should be near 4. Show a second circle and have the students find
A, C,d and CD/A. This should be neer 4.

Students should complete the table on the worksh:et using transparency graph paper to lay
over circles of different sizes.

The shape that encloses the greatest area with the least perimeter is the circle. Discussion
of this question should eventuslly lead 1o *hat ides. Remind the students that triangles have
3 sides to add together to get the perimeter; rectangles, squares and porelielograms have 4
siges to add together to get the perinieter, etc. Heve pairs of students complete the
perimeter worksheets.
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LEVEL FiVE
VOLUME: GEDBLOCKS

Background: Review Level Four activities with geoblocks. The geoblocks in
the 0. 7iginal non-metric ESS set are described in the accompanying sheets.
The e are 7 different, but releted, rectanguiar prisms. There are four, but
different, cubic rectanguler prisms. There are 13 triangular prisms that are
related to the rectanguler prisms. There is one right pyramid thet is related
to one of the cubes. There are enough of each kind of block in the full set so
that the activities in the lessons can be done at a geobiock center. In this
way only one set is needed for the class. The important ideas for students
to get are:

1. Solids that are the same fractional pstt of the same larger solid have the
same volume

2. Solids that are the same multiples of a given smaller solid are equa!l in
volume

3. Solid volumes are usuelly measured by cubes

4. Two or more shapes with the same volumes need not have the same
surface areas

9. Triangular prisms are always haif of some parallelepiped just as
triangles are helf of some parallelograms. Right triangular prisms ere haif
of some rectangular prisms, just as right triangles are half of some
rectangies.

6. Pyremids are always 1/3 of a prism with the ssme bese.
The worksheets include worksheets for center activities.
“Geojackets” are made by tracing ALL of the faces of a solid in a net so that,

if cut out of paper or cardboard, the net cen be folded to make a hollow
facsimile of the solid. An example is:



Salid Geo jacket
2

Uolume I gix2=2

flrea=1+1+4(2)=10

Students should have transparent graph paper {1/2 in. squares) aveilable {o
find total surfaces of blocks shown by geojackets.
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LEVEL FIVE

REL AT JONSHIP

Students st this level should have e fairly well developed sense of equality,
so a little review of this is all that is needed. However, they do need
further developmental work with ineguality.

LESTON ONE:

Use base ten blocks and a split boerd on the overhead. Place an srrangement
as shown:

oo
O
O
ol

“A nuimber sentence that shows thisis: 2310+ 13-

Rearrange {o:
00
= O
00

“Write 8 number sentence to show this.” {11+ 12z 10+ 13)



Do a few more and then have the children work on the worksheets. Provide
base ten blocks for those who seem to need them.

LESSON TWO:

Prepare overhead transparency inequality signs to use with & transparency
split board. Place the following arrangement of base ten blocks on the

overhead:
—
oo | &

Show the inequality sigr. "which waey should this sign point?”

Place it:
== 4100
oo o

Remind the children it always points to the smaller number. Do two or three
more and then have the children work on the worksheets provided.

14




LEVEL FIVE
OPEN SE : ET
nt tion:
LESSON ONE:

Students had work with open seniences invalving the use of Cuisengire Rods
at Level Four. This is a different concrete model. Put the folowing split
board arrangement on the overhead projector:

wima——

"How many are on each side?” Write: 9= 9. Cover up the top five.

@

@
° o

. o —

s
@
.. e Q
@

“We could write thisas: 9 - D + 45

"Becouse we know 9 = S + 4, we know five is under the covered part or 5
goes in the 0 s

Put the following on the overhead:




.....

L
@ ¢ ..
@ °

"How maeny chips are hidden in this case?” Write:

O+4-11
O:4-11

“Seven is the missing number and goes in the g -

Put the following on the overheao:

"There is an equal number under esch cover. How many are under each?”
Write;

2 D +2 =10
2 0:2-10

Write:




“As long as we SUBTRACT the same amount from both sides of sn equality, it
remains an equality.” "Look at the last problem.”

e
®®
—

B

“Would it be easier to see what is under each if 2 chips were taken away
from each side?”

Fut the foliowing o the overhead:

e

e9

hwann
es

144




"How meny chips should we remove from each side?” "How any chips are
under each cover?”

Have pairs of students complete the worksheets provided.

LESSON TW0: Review of Signed Numbers

Introduction: This topic was introduced at Level four. The imporient ides o
reinforce is:

To Make More Positive - add +, subtract -

To Make More Negative - add -, subtract +

Put the following arrey of 2 different color chips on the overhead. Define
one color as =, the other color s -.

eee ®-.

‘XX O __
O

Oo

"whet number does this show?" (+3)
“what should | add toc make it more +7"
Use 8 few cases 2 more +, 3 more +, to get +8, etc.

“what could | subtract to make it more +?"
“What would | have 1o do to subtract 4 negetives?”

the idea of chenging to a new form by simultaneously adding or subtracting
EQUAL numbers of + and - should be reinforced here.

Put this on the overhead:



\
b

°. ..QQ
o |%e
-_. .

°c looo
00

"Do these show the same number?® “what is the number?" (-3)

Consider this:
®
®
° @
¢e 1
00
O
]

"What do you think is under the T12* “why do you think that?-

Remove 8 @ from eech side:

1

ON




"Do the + and - on the left side add to 0?° “Then we can remove them.”

%o

“The board now shows l‘.‘l = *3

Show this:
Q
OO w
@ o
. e
@

“what would you add to each side so the left side would be

+ 07°. Do that:

WY
o
=2




i °o
°© 0
«* =
@ | 0O
0 0
%

so: I =-7-

Remind them that the bo~rd stays in balance if the same thing is added to or
subtracted from each side.

Have students work in pairs on the worksheet using chips and split boards if
they need these. Remind them the goal is to get

D + 0 on one side.

LESSON THREE: Numerais

Introduction: Students should work with 2 different color chips and sphit
boards until they clearly see:

1. The seme number of + chips and - chips add up to O.

2. D +0=




3. The same number of + or - can be ADDED TO or SUBTRACTED FROM
BOTH SIDES of the equality without changing it.

Then the symbols can be worked on. Write the following on the board or
overhead projector:
D +4=7

"How much must be removed from the left side to get the

alone, or L1 + 07" Subtracting 4 from BOTH SIDES gives:
0-7-4:-3

Put the following on the board or overhead: 2 = 0-s

“What must we do tu get [ + 0 on the right side?" (agd 5)

"Adding 5 to BOTH SIDES gives: S5+ 2 =[]
7-0

write 20 +1-9

“What must be true of the right side to find the number for LJ ?"Work on the
idea 2 L] meens the other sice is a multipte of 2 or divisible by 2

"Do we add to BOTH SIDES or subtract from BOTH SIDES to get 2 + 07"
This gives: 2 O-9-1- 8, so O-4

po: 200 -3:-7
1. The right side must be divisible by 2
2. Something is ADDED to BOTHSIDEStoget 2 +0-=

Completeit: 200 =7+3-10

O - 5
Do as meny as needed to translete from the concrete models to doing the
same operations with symbols. Have students work on the worksheets in
pairs. Have split bosrds and 2 colors of chips for those who seem to need
that support.



LEVEL FIVE
LOGIC

Background: Students will have had experience with recognition of
similarities and differences of geometric shaepes. They have also had an
introduction to AND, NOT and IF-THEN. At this level, these are to be
reviewed and OR is to be introduced. 1t will be helpful to review the Level
Four lessons on this topic.

LESSON ONE: Review of AND
Introduction: Use e {ull set of transperency attribute pieces. Meke these of

red, green and biue transparency film using the shape template provided. A
full set should be:

w [JEIO N
O I

This is o total of 24 pieces. Place the following arrengement on the
overhead:

One ot a time show 8 piece end ask the students whether it should go into 1
2,30r4

»

After all pieces have been sorted, ask the students how to describe the
pieces in 2. (GREEN AND SQUARE)

“How would you describe the pieces in 1? in 37 in 47"

is0



Give plenty of time for discussion of these. Some possibilities are:

for 1 - all squares the! are not green
red and blue squares
for 3 - a1l blue pieces that are not squares
blue rectangles, triangles and circles
for 4 - red and green thet are not squeres
red and green rectangles, trisngles and circles

Do another:

Assign pairs of students worksheets to complete. Each pair should have a
set of the logic meaterials to use.

LESSON TW0. Use o NOT
Introduction: Using NOT alone to show the absence of 8 property for

attribute is not too difficult for students. They recognize when we have
this situation.:

NOY A

itis the use . ..0OT combined with AND thet presents problems to many. Use

a transparent 2 loop workmat and transparent attrisute pieces. Label the
two loops:

[
]
e



Y TRIANGLE

4

Pick up pieces one at & time and ask where the piece goes - inregion 1, 2, 3,
or 4. Emphasize why the triangles must go in | or 4 as these are placed.
Continue until all pieces are sorted.

Arrange this situstion:

Have all pieces showing on the overhead.

Ask students which pieces should go into region 1. Discuss this as to the
appropristeness of the pieces suggested. Do the same for each of the
regions 2, 3 and 4 until all pieces have been sorted properiy.

Assign pairs of students to work on the worksheets. Have the stiribute
pieces avuailable for them to use.

LESSON THREE: Use of IF-THEN:

introduction: Place a smsll collection of the attribute blocks on the
overhead. An example is shown to illustrate the kinds of questions 1o ask
the students:

ise
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“If 1 see a rectangle, what color is it?"
"1 can say "If rectongle then green. "
write: 1] ,thens

“If & piece is blue, what shape must it be?” Write:

If B, then

"Suggest other IF-THEN sentences that are TRUE of this set of pieces.”
Write down g1l suggestions. The complete list is then:

IfG, thenc

if O , then B

] thens

if B, then O

Put a box around & sentence. For exampie:

If B, then O

“There are several other pieces in our set of sttribute blocks. ¥hat piece
con | add to the collection you see so that ONLY THIS STATEMENT will no

longer be true?” {any non circle blue piece will work). Add one of these to
the collection.

[
¢
)
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“Which part of the statement, if B or then O , did we make false to
meke the whole sentence false?" Remove the piece last added.

Put a different statement in a box.

“What piece in the set cen ! add te the coliection to make only THIS
statement FALSE?" :

Repeat this activity untii the students cen (1) find the statements TRUE of
any small collection of the 24 piece set, and (2) find a piece 10 make FALSE
any chosen TRUE statement.

Give pairs of students worksheets to complete, using sttribute blocks if
needed.

Give pairs of students worksheets to complete, using attribute blocks if
needed.

LESSON FOUR; Use of OR (Exclusive)
Background: There are two kinds of OR. The most common is “exclusive or”,

or either-or. Satisfying one of the conditions linked by OR precludes
satisfying the other. Exemple:

He lives in Ely or Center City. If a person lives in Ely,
he can't live in Center City. if living in Center City,
he can't live in Ely.

This kind of OR is diagremmed 8s follows:

RED

If an object is red, it can't be green and vice verss,
The other kind of OR is AND/OR or “inclusive or". This includes the

possibility of setisfying BOTH conditions linked by the OR. This is
diegrammed as follows:
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There are RED L |, or things thet are RED AND square.

One can usually distinguish between these two by looking at the conditions.
if both involve the SAME property, it is EXCLUSIVE OR. An object caen't be
red and green at the same time. If the conditions invelve DIFFERENT

properties, it is INCLUSIVE OR. An cbject can be red and squere at the same
time.

Students will not immediately see the difference between these, so this
lesson should be repested and the use of “or™ analyzed where it appears in
print regularly.

Introduction: Place two lgops on the overhead projector:

3

“If anobject is in 1, cen it be in 2 or 3 at the same time?"

“ltiseitherin 1 or 2 or 3" Change these labels:




“If we sorted the sttribute blocks, they would go into 3 distinct groups. No
piece would belong to 2 groups at the same time.”

“We say a piece is red or blue or green and mean if one color, it can't be one
of the other colors.”

“This is called EXCLUSIVE OR".
“For each sentence, | want you to tell me if the OR used is EXCLUSIVE OR"

"Red or blue

blue or green
blue or squere
green or triangle
rectangie or blue
circle or triangle
circle or squere
squere or green
triangle or red”

Assign the worksheet for students {o work on in pairs.

LESSON FIVE: Use of OR (Inclusive or)

Introduction: Arrange the 24 pieces as shown:

5 6

"How many pieces are within BOTH of the loops?” (12)

"Are the red circles included in this collection?”



"Do red circles belong to the RED group and the CIRCLE group AT THE SAME
TIME?"

“Can everything inside the loops be described as RED OR CIRCLE?"

Note that those inside the loops that cennot be described by RED can be
described by CIRCLE so ALL are described by RED OR CIRCLE.

Put this on the overhead:

——

“which pieces go inside of the loops?” Fiace all pieces inside the regions |1,
2, or 3 as suggested.

"These pieces are all BLUE OR RECTANGLE."

Point out that this use of OR includes those that are AND, so it is sometimes
used as and/or.

bive some examples, such as "boys or baseball players.”
“Is it possible to be a boy and a baseball player AT THE SAME TIME?"
“This is INCLUSIVE OR"

Ack the students for phrases including or that are inclusive or because
sumething can satisTy both descriptions at the same time.

Assign worksheets for pairs of students to complete.



Here are some activities to use at different times to involve students with
10gical thinking.

Tom hes two glasses of the same kind. One is half full of water, the other
is half full of Kool Aid. Tom takes an ounce of Kool A¥1 and mixes it into the
water giass. Then he takes an ounce of the mixture and mixes it into the
Kool Aid glass. |s there more Kool Aid in the water gless or water in the
Kool Aid glgss? Why?

Two boys look exactly alike, dress exactly alike, have the same date of
birth, live at the same address, have the same parents and yet are not twins.
How can this be?

Joanne needs five liters of water. She has a three-liter bottie end & four-
liter bottle. She has no other containers to use. How can she oblain five
fiters in these bottles?

Bob worked st a grocery store. in the storeroom he found 3 boxes of nuts
with three labels, “walnuts™, “peanuts”, and “walnuts and pesnuts.” He stuck
the labels on the boxes without looking inside. The manager opened & box
and told Bob ALL of the boxes were marked incorrectly,. How did he know?
How could he replace the labels without opening all of the boxes?

At the school race, six girls ran in the 200 meter run. As the winner broke
the tape, the following wes noted:

1. Florence was 25 meters behind Jane.
2. Jane was 15 meters shead of Pauls
3. Barbie was in & tie with Jackie

4. Paula was 30 meters behind Francie.

Who was 55 meters ahead of Jackie? List the order the girls were in as the
winner crossed the finish line.

Barbara, Joan, Lil and Grace are in the Sth grade at tne Washington school.
Each has two outstanding qualities, but no two heve the seme wo quslities.
Two are very athletic; two are very pretty; two are very bright; and, two are
very studious.

From this information find the two outstanding qualities of each girl.

is
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1. Grace is very bright, but Barbars is not
2. Lil is very athietic, but Joan is not

3. Joan is very studious, but Barbars is not
4. Barbara is very pretty, but Lil is not

9. Lil has no gquality thet Joan has.

Four playing cards are in order, but upside down:

1 2 3 4

1. An ace is just to the right of a jack

2. A jack is just to the right of an ace

3. An ace is just to the right of an ace

4. Aclubis just to the right of a club

5. A club is just to the right of a diamond

6. A dismond is just to the right of a dismond
Name the cards that are in pesitions 1, 2, 3 and 4.

Write NEW DOOR on the board. Tell the children to make one word from
these letlers.

During iunch, Gladys, Terry, and Fred ate lunch together. One had a
hemburger; one had a hot dog; and, one had a pizza burger.

1. Fred did not have the pizza burger or hot dog.
2. Terry did .10t eat the pizze burger.
who ate what for lunch?

Jean, Dors, Irving, Shawn and Tony were put on 8 decorating committee.
They sat around & round table in the above order and decided to elect &
chairperson.

The first bellot was indecisive since each member got a single vote. Each
person seid, °1 didn't vote for myself or either of my neighbors.”

They voted again. Each voted the same as before except thet Irving voted for
Tony. This made Tony the ci.air. Who voted for Dora on the first bsliot?



LEVEL FIVE

INVOLVING MONEY

Background: in working with money, students should learn to use estimation
and rounding techniques to obtain mental answers. Some examples follow:

In adding or subtracting, -
Consider 42  adding snd subtracting 1
39
gives 41 a much easier mental
+60 computation.

Another is 42 adding 3 to both
=27 gives
45 8 much easier mental
=30 computation

in multiplying or dividing using 25¢ or S50¢, students should use the facts 25
= 100/4 end 50 = 100/2 since multiplication by 100 is so easy mentally

$.25 % 482 then becomes 482 + 4 = $120.40
$.50 x 261 becomes 261 + 2 = 13050

Multiplying and dividing factors gives easier computations thet can be done
mentaily.

40%36=20x72=102 144 = 1440

65+5=130+10=13

118+ 25 = 11800 + 4 = 2850

In working with money, so meny prices end in xxx9 that reunding and
subtracting works. Consider:

39x7=40x7-7=$273
or 199x6=-200x6-6=1194
or 20x9=270-9:=261

If adding severa) dollar amounts, round to dollars, add, then mentslly
subtract differences.

389 +6.79+999

4+7+10-.11-.21- .01
21.00 - 33 = $20.67
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LEVEL FIVE

EXPONENTS AND SCIENTIFIC NOTATION

Background: Prior to using exponential notation, which erises in the
interpretation of calculator displeys, students must understand the use of
exponents, especially as related to decimals and scientific notation.

LESS : gnents

Inaroduction: Write: 5 x5 x5 on the overhead or chalkboard. "How many
times is S used as & multiplier?” write: Sx5%x5=53

“The raised 5 shows how many times S is used as a multiplier.”
Write: 10x 10 x 10 x 10 on the overhead or chalkbosrd.

“What number should | write with the 10 to show it is used as a multiplier
FOUR times?” Write: 104=10x 10x 10 % 10 = 1000

"How many 0's follow the 1 in the numeral? How do we write this as 8
POWER OF TEN?"

Write: 100 = 107 (102)
Then: 1000 = 107(103)
Then: 100000 = 107 (105)
Write: 2x2x2 X 2x2

"How many times is 2 & multiplier in the first number? in the second
number? in the number that is the product?” (3, 2, 5)

"what is this result?” 8x4=32=25
Consider: 10x% 100 = 1000

“Each number written with an exponent is 101 x 102 = 103

“What do you do with the exponents when multiplying numbers made up of
the same multipliers?”

A=102

B=104
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“whet is the result of multiplying A by B?" (106)

Pass out the worksheets Tor pairs of students to work on.

introduction: Write: 600 on the averhead or chalkboard.
"Let’s see how many ways we can write this as a product of two humbers.”

600 = 2 x 300
600 = 3 x 200
600 =4 % 150
600 =5x 120
600 = 6 % 100

"Notice we have a small number less than 10 multiplied times a power of
10." Write: 600 =6 x 102

Write: 625 on the board or overhead. "How do we divide this by 10?7
6257370

10} 625
60

F e
-

20

5
"Written as a decimal this is 625
Write 625=625x% 10

*"The most useful form is to have 8 small number less than 10 times a power
of ten. How can we divide 62.5 by 107"
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6.25
16;62.5

"S0625=-625% 107
"Now we can write 625is 6.25% 10 x 10 or 625 x 102"

"Remember that dividing by 10 changes each place to the next smaller, so
625+ 10=625

6 in the hundreds place goes to the tens place
2 in the tens place goes to the ones place
S in the ones nlace goes to the TENTH place.”

“Dividing by 100 changes each place to the second smaller, so
625 + 100 = 625 x 102

6 goes hundreds to ones
2 goes tens to tenths
6 goes ones to hundredths.”

"How would we write 387 as a number between and 10 times 8 power of
ten?”

We get the number between one {one digit) by dividing by 100 so 387 = 3.687
x 102"

"Notice that multiplying on the right side gets back to the 387"
write: 123 x 103

"How do we write this as e single numberal? One way is by 10 at & time:
123x10=123x10=123x10= 1230
(1) (2) (3)
so 1.23 x 103= 1230
“To Summarize: To multiply by powers of ten, move the decimal point the
exponent number of places to the RIGHT. To divide by powers of ten,
move the decimal point the exponent number of places to the LEFT”
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This is why having numbers in the form of & small number multiplied by
powers of ten is so important to know.”
Consider: 2x103 = 2000

3x102 x 300000

6x 108 600000000

Pass out worksheets for students to work on in pairs.
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LEVEL FIVE

USING THE CALCULATOR

Background: Children should be familiar with the keyboerd of a simpie
caiculetor with memory. At this level, they should use it to solve problems
that involve decimals.

LESSON ON®:_introduction

“Tracy is trying to sell an item tnat has been in the store a long time. She
decides to set the price each dey as .9 of the price the day before. What is
the price on the fifth dey of the sale? for the item that regulerly is
§42.00?7" “what do we enter first?"

KLY 412

“what operation do we use *. 1ad .9 of this price?”

KEY | n

“What number is the multiplier now?"
KEY ,J}

“¥What is the price during the first day of the sale?” Enter this in the table
below:

Sa!eﬂag! 1 ’2 ls !4 ls
Price P?.au] i I i

“What do we do with this price to get ine new price for the second dey?"

Press | #1 . |9 | and enter 34.02 into the table.

At this point, you might want to show students the repeating multiplier
feature. Some calculstors hold the first factor entered as a multiplier,

others the second factor. The sequence of keys must be set according to the
calculator feature.

[0
()
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Example:

FIRST FACTOR HELD SECOND FACTOR HELD
9x 42 = 42 x 9=
= for euch successive = for gach successive
multiplication by 9 multiplicaetion by .9

Continue until the table is filled and the price during the fifth day is found
as $24.80. Assign worksheets to be used with calculstors by pairs of
students.

emor

Background: Using memory is helpful when s number of products or
guotients are to be added or subtracted and in different combinations. As
you recall, order of operations required renaming (finding products and
quotients) before adding or subtracting the numbers.

Introduction: Put an overhead transparency of the foliowing on the overhead
projector:-

60
50
B
50 30 o0
w0 | § i ¢ i E F
50 .
60

These can be folded to make a box. 7c “ind how many squere inches of
cardboard are needed, we have to find the ares of each rectangle, then add
these together. The M+ Key of the calculstor helps to do this. Let's see how:

"How do we find the ares of rectangle A?"

ifo



KEY SEQUENCE
S50ixiii0i0;=

“is there another rectangle like this one? (E) We double the sres.”

s{am j1]o]o]=]|u]z]-

“We put this product in memory while we find the others.”

Sjojs {1]0]0]=|u]z]|= M

“Whet is the area of rectangle B?"

“1s there another like this? (D)°

"KEY this in and put into memery to be added to the last producl.”

“What is the ares of rectangle C?"

“is there another with the same dimensions and area?” {F)

“KEY in this and put intc memery+.”

“Now all three products have been added in memory.” We see what this sum

is by: RCM
we can see it”

Do a second “geojacket” to illustrete the use of
workshests provided for use with calculators.

M+

This will put what is in the memory on the display so

anu then assign the
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SOME CALCULATOR EXPLORATIONS FOR STUDENTS

"How long does it take you to count to 1000 on the calculator? Keepa
record of times for countingby 2, 3, 4, 5, 6, 10, 15, 25, 100"

“For which numbers between 125 and 300 is the sum of the digits 167"

"Round esch number to the nearest 100 and find the sum:
12345
132465
142362
23456
324651
96234°

“where would you open a book so the product of the page numbers of pages
facing each other is 165127°

“Which of these have the same answer:
26 X 29 131 + 286 + 245 + 103

957 - 203 3020 = 47

“Design a box with different dimensions with the same volume as this one:

“Find these batting averages.

ito



Plager Hits Et“‘::‘ Batting Average
Puckett 211 | 600
Gaetti 197 603
Lomberdozzi 183 289
Hrbek 164 | 590

“Use the celculatoer to find the missing digits:

46 9 32 K6 1 = 194724
? [ |

8 Ea— 187 ] 3-[] 5-41.666666
160

"Suppose you could spend $2.00 every minute, day end night, for a year. How
much would you spend?”

"Jim's car moves forward 5.8 feet each time the wheels go 8!l the way
around. If his tires are guuranteed for 60,000 miles, how many times should
the wheels turn sround during the guarantee period?”

“The dimensions of & baseball diamond are shown:

Last year Kent Hrbek hit 47 home runs. How many miles did he run going
sround the bases?”
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“which is the better buy for cereal?

1402 for $1.39
20 o0z. for $1.99
28 oz. for $§2592°

“Compilete this table:
+ 36 359 726
186 142
1578
875
993

"Do the division indicated by ti.2se fractions. Show the decimal to as many
places as on the calculator.”

FRACTION DECIMAL
1/9 =

2/9 =
1/3=
4/9 =
5/9 =
2/3 =
7/9 =

879 =

ﬂu_._!

| 51
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FRACTION
174 =

172 =
374 =
1/S =
2/5 =
4/5 =
1/6 =
3/6 =
1/8 =
3/8 =
5/6 =
7/8 =
1/12 =
9/12 =
/12 =

11712 =

DECIMAL

[ ST S



“What is the shortest way from Brainerd to Duluth?"

71

Breinerd

Buluth

14

“The mileage on the odometer cn my car is shown:

0119|4273

“How many miles must | trevel before all digits ere the same?":

“How meny miles must | travel before the number of miles is divisible by
10607"

“How many miles must | travel before the digits will be shown in reverse
order?”

“The year in which you were born is divisible by what numbars?”
“Which two numbers adding to 120 have the largest product?”

“Frank is a "wiseguy.' When someone ssked him how old he was, he
answered, '5,785,560 minutes.” How many yeers old is Frank?"

"Jim buys and sells basebsl! cards. He bought & Hank Aaren for $5, sold it
for $5, bought another Hank Aaron for $16.50, sold it for $28.75. How much
did he make buying and selling Henk Aaren cards?”

"On 8 ticket roll, ticket numbers 10, 11 and 12 add to 33. What 3
consecutive {icket numbers add {o 3727°

Jreards
-3
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Tombt ... 10r.8ns of peaches at 49¢ per can and 2 boxes of cereal. He
receivr  2.8% in chenge. What was the cost of each box of cereal®”

"How many hours of your life have you spent watching TV?~




LEVEL FIVE
LSING LOGO

See the Level Four lessons for the kinds of commands the students will have
had prior exposure to. The primary new idea to be introduced at this level is
one of the most powerful in LOGO or any othsr structurad language -
RECURSION. Recursion takes place when a procedure ¢alls itself, rather than
anothes procedure, 8s in: REPEAT 4 [SIDE RT 90)

WHEN a procedure calls itself, it must know when to stop doing this. The
most common way of doing this 1 to use an IF test that transfers control
out. Another is to set a limit on the number of times the cali is made. This
is done by creating a varisbie that acts like & counter.

Exemple 1: Using an IF t=5t and & counter. Required is a subprocedure BOX
TO BOX : SIZE
REPEAT 4 [FD : SIZE RT 90]
END

TO SPINBOX : COUNTER : SIZE
IF : COUNTER = 0 [STOP]

BOX : SIZE

RT 45

SPIN BOX : COUNTER - 1: SIZE
END

: COUNTER is o varisble that must be assigned & value when the
procedure is called. it is the number of time : the procedure is to repeat
itself.

: SIZE must slso be assigned a velue. It specifies the length of the side of
the box made.

SPINBOX 5 40

The box will turn RT 45 S times. The box side will be 40.
SPINBOX 6 S0

The box will tumn RT 45 6 times. The box side will be 50.

Each time the box is is made the counter goss down 1. When it reaches 0,
the procedures STOPS. This can be diagrammed as follows:
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SPINBOX 4 50
IF 4= 0 {STOP]
BOX 50
RT 45

SPINBOX 3 50
IF 3=0[ST0P]
BOX 50
RT 45

SPINBIX 2 50
IF 2= 0 [STOP]
BOX S0
RT 45

SPINBIX 1 50
IF 1 = 0 [STOP]
BOX S0
RT 45

rpmwx 0.0

IF 0=0[STOP]

END

END

END

END

Once students hove a knowiedge of what the primitive commands do, it
becomes @ matter of trying these out to see whet heppens. You can
introduce them to other primitives associated with turtie position -
HEADING, POSITION, HOME, etc. to help them make more efficient programs.
Some good classroom resources for you inciude:

The Turtie Sourcebook
Bearden, Martin & Muller
Reston Publishing Co.

LOGOWORLDS
Babbie
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wadsworth Publishing Co.

Apple LOGO Programming and Problam Solving
Bilistein, Libesxind & Lott
Benjamin Cumminys ub. Co.

Learning Math With LOGO
Neufeld
LOGO Publications, London; Onterio

Exploring with LOGO, A Series
Campbell, Fenwick
Allyn and Bscon, Inc.



LEVEL FIVE
USING DATA
LESSON ONE

“Several students in Mrs. Hanson's class velunteered to count the cars that
went past the schoel. They each watched for 15 minutes and recorded the
results. The table shows what 30 children counted.”

Students _ Cars Counted
Tom
June
Willie
Frank
Ruth
Joanne
Bob
Jackie
Gloria
Tammy
Sammy
George
Joyce
Barbara
Grace

bOOSANS Too0 LN

—ty
—

0w

“Who counted the most cars 7"
“who counted the fewest?"

“¥hat was the difference between the fewest counted and the most
counted?”

“This is cslled the RANGE of the dats.”
“whet was the number of cars counted most f requentiy?”
“This is called the MODE of the deta.”

“What do you think the average number of cars counied was?”




“Let’s put the dats into an arrangement where we ca8n see it better.
Remember how we arranged date in ‘Guess My Rule'?”

“¥hat was the greatest number of cars counted?”
Write: Joanne 13
“What was the next largest number?”

As students continue supplying these in order, write them:
Joanne i3 ‘
Ruth LR
Joyce i1
Gloria 10
Jane
Tammy
Frank
Sammy
Bob
Willie
Jackie
Grace
George
Tom
Barbera

WD LU~ OO

“Now what do you think the sverage is?”
“that is the middie number?”

“The ARITHMETIC AVERAGE is the sum of the numbers divided by the number
of numbers.”

"Use your calculator to find the averaga of these 15 numbere ™ (7.533)
“Is this the number of cars anyone counted?”
“Could you count this number of cars?”

“Does this number or the middle number give you a better idea of the
‘average’ number of cars in a 15 minute period?”

Greph the dsta using UNIFIX cubes.
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“The arrow p‘qints to the average you computed.”
“Do you think there are more Unifix cubes to the left or right of this place?”
“Now look at HOW MANY numbers are to the right and left?”

"Obviously AVERAGE i3 an artificisl number of some kind. It is the
definition of the sum of numbers + the number of numbers.”

“The averageof 1&3is2;4+ 2

The average of 1,3 and Sis 3; 9:3"

"Notice it is two awsy from 3as is 5.

"The averageof 1,3,5,7and 9 is 5"

“Notice 3 & 7 are just as fer from S and 1 and 9 are just as far from 5.
"Perhaps the distance that numbers are from the average is important.”
“we'll see more about that later”

Activity Assign pairs of students with calculators to complete the
recording forms.

o P‘{ (‘v
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LESSON TWO

Introduction: Use beam belance that has places to hang weights or ta insert
weights.

Place & weight as shown. "Where do | put 8 weight on the other side so this
will balance?”

A B

14498?654321 112{13 14 (56 {? |8 {9 |10

. ) L

Take the weight from B. "1 want to put TW0 weights on that side. Where do
i put them?"

Place as children suggest. {f not at 5, follow up by asking why they think it
doesn’t balance? Eventuslly get to:

i

. :

1498?654321 12345!678930
|




"How can TWQ weights on one side balance ONE weight on the other?”

Discuss imporiance of DISTANCE the weight is from the center. Place a
weight as shown:

"Why does the beam go down when there aire TWO weights on each side?”
Discuss.

"Where should | put TwW0 weights on the other side so the bean: will balance
8gain?” The eventual outcome of this interaction should be:

Qo2 8|S5|413 |12 (11234316 2|8 (9|10

"Notice thet we haveonone side 10x 1 +8x 1 = 18. On the other side we
have 4x2+5x2=8+10=18"

“The turning ceused by the weights depends on the distence they are from
the center.”

Activity: Have siudentis work in pairs on the worksheet.

"5



LESSON THREE

Introduction: “Here is & set of test scores.” Write the following o the
chalk board or overhead:

Ronsld 75
Sally 80
Bill 60
George 63
Grace 75

“What should we do with these first?" Put them in order:

Sally 80
Grace 73
Ronald 75
George 65
Bill 60

“"what is the average of these scores? (80 + 2(75)+ 65 +60+ 5= 71

“Consider a beam with 71 as center and the scores as weights on the beam.
what is the range of scores?” (20 points)

“We'll make the beam 21 units long ranging from 60 to 80. It is 21 units sg
60 and 80 can be included.”

6({61 6?’63 64'65 66{62/68 69}?8 T172|73|24|75{ 26 27 7% /9 | 80
i

“Fut the center at the average - 71"

68’6! 6#63 64165/66/67/68/69|20|71]72{?3| 74 ?5!76 [4s ?Bi 79 fso

“Each score is a weight.”

How far is 65 from 717" (6)

“How far is 60 from 717" (11)

“How far is 7S from 717" (4)

“There are how many weights st 752" (2)

(Y
N
&




"How far is 80 from 717" (9)

"Now we check the weights x distance from center on each side.”
Gx1+11x1=i7 (4x2)+9=-8+9=17

“The turning effect of the weights is t.1e same on one side as on the other
side so it is & balanced beam.”

“The average you find of the scores is the center of a beam of the length of
the range of scores that is in balance.”

Here's another set of numbers:

Alice 36 points
Joyce 18 points
Agnes 17 poiuts
Terri 13 points
Janine 11 points

“¥hat is the middie number?” (17)
“whot is the average number of points?- (19)
“wWhat is the range of points?” (25)

“wWe'll make 8 beam 25 units long.”

1112 {13 /14 15116 (17 18 /19 PO 21 2 P35 b4 [25 e 27 e 9 o 51 32 (53 [34 35 6

"Where does the center go?" (19)

“Where are the weights placed?”

1123 isieprjiefiopopi p2hapebs 2e b7 zskpk: B2z e s e

“"Notice that only one number is abuve the gverage, while 4 are below it."




“Why do you think thet is so?"
"why is the average away from the middle number?"
Paint out the turning effect of the 36 is 17 x 1 since there is just one 36.

The turning effect in the opposite direction is:
Ix1+2x1+6x1+8x1=1+2+6+8= 17, so the beam balances.

“You have to be careful using the average because very big values or very
small values affect it. Sometimes the middle number better describes the

data.

Activity. Have pairs of studen’ - ~omplete the worksheet.

peerd
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LEVEL FIVE

TAKING A CHANCE

Background: Students should begin to get a feel for probability and the
likelihood of ceitain outcomes. The Probability of an event (E) is estimated

by P(E) = The number of observations fevorable for {E).

The totel number of observations

For example, a die has 6 faces numbered 1,2, 3, 4,5, 6. If it is not loaded,
each of these 6 numbers has an equal chance of showing on the top face
when it is rolled. There are 6 possible numbers to show so the probebility
of rolling a 6 is 1/6 = outcomes favorable

totsl outcomes

In rolling 2 dice, getting a 12 requires a 6 on each die. That is 6 AND 6 on
the dice. The probability of 6 on one is 1/6; on the other, also 1/6, so the
probebility of getting 12 as 1/6 x 1/6 = 1/36. Dnce in 36 times, ON THE
AVERAGE, or over MANY trials, a 12 will show. This does NOT mean thet if
NOT 12 shows on 35 rolis @ 12 MUST show on the 36thiil.

LESSON ONE: Ceins

introduction: There are 2 ways a coin can turn up when flipped - HEADS or
TAILS. Have each student bring a coin of any denomination to class. Give
each student & record form. One is provided in the black line masters.

Tally Total

Heads
Talls
Total 50

Each student is to flip 8 coin 50 times tallying the number of heads and
tails. Each student is also to ceiculete the fraction of the 50 tosses that
were heads and the fraction thatl were tails. Mske a chart on which students
can record the frections gbtained. Discuss the different fractions.

“Ali of these fractions are close to what simpte fraction?”




Have the students use calculators to TOTAL the number of HEADS for ALL
students. Do likewise for the TAILS. 50 x number of students in the class
is the TOTAL TRIALS.

Now compute the fractions: TOTAL HEADS
50 X no. of students

TOTAL TAILS
50 ¥ no. of students

These fractions should be even closer to 1/2.

"A probability estimate is besed on an experiment like this. It cen change
from one experiment to the next. The more trials in the experiment, the
more accurate it will be. A probability Estimate gives you a resscnable
expectation of what might happen.”

“In the case of fair coins, there are just 2 possible outcomes of a flip -
HEADS or TAILS. Each has an equal chance of coming face up, so the
probability of a HEADS is 1/2 and of a TAILS is 1/2.

Activity: Give the worksheel 1o pairs of students o work on.

LESSON TWG.

Place a spinne:r transparency like that shown on the overhead. Use colored
transparency film to meke it to help the students see how much of it is each
color:

S

“If | spin the arrow, is it more likely to point to red or to green?”

“why do you think so?”




“Discuss 3/8 of the circle vs. 2/6 of the circle. -
“Is to more likely to point to blue or to green?"
:s it more likely to point to blue or to red?: (equally likely)

"It you spin the spinner 40 times, how many times would you expect it to
poirt to red? (15) to blue? {15) to green? (10)"

“What is the probability estimate of ianding on red? (3/8) on blue? (3/8) on
green? (2/8 or 1/4)

“If you spin it end it lands on red, whe. is the probability estimate of
18rding on red on the next soin?”

Discuss this thoroughly. The probability estimate is NOT affected by past
outcomes. If you flip H, H, H, H, , the probakility T on the next fip is STILL
172! Some students think there is such a thing as "the law of averages
catching up.” These are independent events and the outcome on one has no
affect on the outcome of the next triel.

Have pairs of students use spinners to record the resuits of 100 spins. Make
a chart of all these records like you did with coin flips end work the data in
the same way a3 you did there. The cless fractions for red and blue should
be close 10 3/6 or .375. The fraction for green, close to .25.

Activity: Have pairs of students use the worksheet to estimste
probebilities for the situations given.
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Verbal Multiplication and
Division Problems:
Some Difficulties and-
Some Solutions

By A. Dean Hendrickson

Verbal problems that involve multi-
plication and division are difficult for
chiidren to solve. Many of these diffi-
culties arise because of their limited
understanding of these arithmetic op-
erations. Their experience with the

different kinds of situations that call .

for these operations is also limited. At
the same time, these problems cannot
be categorized easily because the sit-
uations that require these operations
are varied. Nonetheless, m, itiplica-
tion is often taught only as *: veated
addition’" and division only as *'re-
peated subtraction.” Children must
have specific instruction in all the
situations that require multiplication
and division as arithmetic operations
if they are to apply them successfully
to verba! problems.

Change Problems

Extensions of the **change problems™
for addition and subtraction can lead
to multiplication and division. In this
particular kind of problem we have an
initial set, a changs number, and a
final set. Given an :nitial set of smail
size and a change number that de-
scribes how many of this size set are
joined, we find the size of the larger
final set by multiplication. These
problems are change 1. or repeated
addition, problems. Here is an exam-

ple (fig. 1):

Dean Hendrickson is professor of education at
the Universiiy of Minnesota. Duluth, MN
33812, He teackes course$ on the psychelogy of
fearning and mathods of 1eaching mathematics.
preschao! through secondary schuol.
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bank?

Fig. 1 Mmmledadmge!w”lmdam"m:mms
handfuls of 3 tokens each into a bank. How many tokans did John put in the

(size ?)

John put 6 haadfuls of 3 tokens each
into a bank. How many tokens did
John put in the bank?

Change 2 problems result when a
iarge initial set is given along with the
size of a smaller final set, and a
change number needs to be found that
describes how many sets of that size
can be made from the iitial set. This
problem represents the measurement.
or repeated-subtraction, interpreta-
tion of division. Here is an example
{fig. 2):

Susie has 24 cookies. She gives 3
cookies 1o each of the children on

188

the playground. How many chil-
dren are on the playground?

A child who can reverse the “pur-
ting together™ transformation can re-
late a measurement interpretation of
the division of countable materials to
the repeated-addition kind of multipli-
cation. In some ways the division is
easier, since the child must retain only
the final set size and count the number
of sets that can be made. The count is
cunstructed in the process and the
size of the initial set is not important,
since the count stops whenever the
process runs out of objects. In re-
peated addition. both the count num-

Arishmeric Teacher



ber and the size of the initial set must
be retained mentally along with the
result at the ¢~d of each successive
joining.

Change 3 p.oblems involve a large
initial set and a known change num-
ber; the size of the final. equal sets
that can be made from the initial set
must be found. This is the partition
interpretation of division. An example
follows (fig. 3):

Susie has 24 cookies. She gives an
equal number to each of her 4
friends. How many cookies does
each friend get?

Change 2, or measurement division,
is easier, since only the size of the set
being formed repeatedly must be re-
tained and a count of these sets kept
as they are made. Change 3, or parti-
tion division, requires a strategy to
assure the equality of the sets being
made and hence is more difficult.

Comparisor: Problems

Questions involving *'less than" or
**more than"* lead to addition and sub-
traction problems. These problems in-
volve a comparison set. a difference
set, and a referent set. When we com-
pare two sets and the comparison in-
volves questioas of *"how many times
as many'® or “"what part of,” we use
multiplication and division. Such
problems involve a comparison set, a
referent set. and a correspondence
other than a one-to-one correspon-
dence between these sets. In figure 4,
if the question is asked, "4 has how
many times as many as B?'® then A is
the comparison set. B is the referent
set, and the correspondence of A to B
is sought.

Compare | problems result when
the referent set and a many-to-one
correspondence are given and stu-
dents are asked to find the comparison
set. The fullowing is an example (fig.
:

Iris has 3 times as many nickels as

dimes. She has 4 dimes. How many

nickels does she have?

Multiplication is used to find the an-
swer: 3 X 4 = ]2,

Compare 2 problems occur when
the comparison and a many-to-one

April 1986

Fig. 2 Anemampie of a change 2 probiem, measuremsnt of repeated-
sultraction inlerpretaiion of division: Susie has 24 cookiss. She gives

3 cockies o each of the chiidren on the playground. How many children
are on the pisyground?

q
o)
% >
oo: ] w
000
 Initial Set
(249) Q00 000 00
Fina! Set
{size J)

.Fig. 3 An example of a change 3 problem, a partition interpretation of division:

Susie has 24 cockies. She gives them in equal numbers to her four friends. How
many cooldes does each friend get? .

Change Number
@
]

?
Final Set(s)
(size 7)

Fig. 4 A comparison problem: Find the comespondencs of A 0 5. A has how
many times 8s many as.87




Sat . Referent Sat
{nickels) {dimes)

- ———

Fig. 8 A compare 2 problem: kig has 15 nickels. She has 3 imes as many
nickeis as dimes. How many cimes does lris have?

Fig. 7 A compare 3 problem: Frank has 24 nickels and 8 dimes. He hag how
many imes as many nickels as dimes?

frection 85 many dimes as nickeis?

comrespondence are given and the ref-
erent set must be found. Here is an
example (fig. 6):

Iris has 1S nickels. She has 3 times
as many aickels as dimes. How
many dimes.does Ins have?

Division is used to find the answer:

1§+ 3=38.

Compare 3 problems result when
the comparison set and referent set
are known and a many-to-one corre-
spondence must be found (fig. 7):

Frank has 24 nickels and 8 dimes.
He has how many times as many
nickels as dimes?

Division is used to find the answer:
24+-8=3,

Compare 4 problems occur when a
comparison set and a referent set are
given and a one-lo-many correspon-
dence is sought. In this case, the com-
parison set is the smaller of the two.
Here is an exaniple (fig. 8):

Frank has 24 nickels and 8§ dimes.
He has what fraction as many dimes
as nickels? (or, Frank's dimes are
‘what fractional part of his nickels?)

The resuit is division of a smaller by a
larger number or formation of a ratio-
nsl number, usually expressed as a
fraction: 8 + 24 = 173.

This kind of question puts a child's
concept of fraction being equal parts
of a whole into conflict with this ratio
situation. What other language can be
used to ask for this correspondence?
Because of the difficulty of finding
suitable language, questions related to
finding this correspondence are sel-
dom found in textbooks.

Compare 5 problems arise when the
comperison set and the referent set
are given and a many-to-many corre-
spordence is sought (fig. 3):

There are 12 girls and 16 boys in the
room., How many times as many
boys are there as girls?

One divides to find the answer (16 +
12 = 4/3). Here again a fraction tells
how many limes as much, although a
ratio correspondence is made in the

Compare 6 problems ucour when
the comparison set is smalier than the
referent set and the correspondence is

Arithmeric Teacher



sought (fig. 10):

There are 12 girls and 16 boys in a
room. The aumber of girls is what
part of the number of boys?

The result is found by division again,
12 + 16 = 3/4, and the same conflict
between ratio and fraction results.

Compare 7 problems result when
the larger comparison set and the
many-to-many correspondence are
given and the size of the smaller ref-
erent set is sought (fig. 11):

There are 16 boys in a class. There
are 4/3 as many boys as girls. How
many girls are there?

The answ=r is found by dividing: 16 =
43 = 12.

Compare 8 problems arise when the
smaller referent set is given along with
& many-to-many comrespondence. The
size of the larger comparison set is

sought (fig. 12):

There are 12 girls in the room. The

number of boys is 4/3 the number of

giris. How many boys are in the
* room?

The answer is found by maultiplying:
4/3 x 12 = 16.

The compare problems that involve
many-to-many correspondences are
difficuit, since they bring into conflict
the child's recognition of a fraction as
comparing a given number of equal
parts to the whole and the idea of ratio
as a correspondence. The use of the
same symbolism for both fractions
and rational npumbers compounds this
difficulty.

Thinking in ratios. equating ratios,
and applying ratios to sitvations in-
volve formal operational thought.
VYery few elementary children are ca-
pable of this kind of reascning. In
fact, few cighth and ninth graders can
think through the Mr. Tall-Mr. Short

Mr. Mr.
Tall Short
Measured in 9 &
match sticks
Measured in 12 ?
paper clips
April 1936

Fg. 8 A compeane 5 problem: There are 12 girts and 16 boys in the room. How
marny tines as many boys are thars as Girls?

Lo NPT

i

Comparison Set

Referont Seot
{giris) (boys)

Fig. 10 A compare § problem: There are 12 giris and 16 boys in a room. The
girts are what part of the boys?

peé

$he
Pee

&

Comparison Sat
{giris)

Fig. 11 A compare 7 protiom: Thare are 16 boys in a class. There are 4/3 as
many boys as girls. How many girls are there?

191




Fig. 12 A conpare 8 problam: There are 12 giris in the room. The aumber of
boys is 4/3 the number of girtls. #'tw many boys are in the room?

(girls) (boys)

HRate Problems

The kind of proportional reasoning
used in equating ratios is also in-
volved in thinking about rate prob-
lems. These are commonly found in
intermediate textbooks. A rate prob-
lem involves two variables—one inde-
pendent and one dependent—and a
rate ¢f comparison between them. An
example is distance (miles) = rate
(miles per hour) x time (hours). Here
the number of hours is the indepen-
dent variable, the distance in miles (a
total) is the dependent vanablz, and
the ratio of miles to hours is the rate.

Some common rate examples are
these:

Fig. 13 A rate 7 probiem: Fred pays $12.00 a square yard for outdoor carpeting. How much will 18 square yards cost?

$12 | 8§12 § s12 | $12 ) 812 | §12 | $12 | $12 | g12 § s12 | $12

$12 | 312 | $12 | $12 | $12

sq. yd {60, yd.| sq. ya} sq. yo]sa. yd.| sa. yo.|sa. yo.| sq. yo. {sq. yd.| sq. o] sq. yu.

8g. yd.isq. yd. |sq. yd ! sq. ydi.f sq. yd.
12 13) 14} 15} 18

Fig. 14 A rate 2 problem: Jano pays $162 for carpeting &t $8 a squars yand. How many squena yards did she getr

$1?2

/
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sq. yd. | sq. yd.| sq. yd.| sq. yal
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- by B

o feet per second

e dollars per pound

¢ pounds per cubic foot
o gallons per minute

e ceats per kilowatt hour
o.pants per hundred

Children who are unable to think
about rates and ratios will have diffi-
culty doing these problems in any way
other than substituting numbers into
memorized formulas. Problems deal-
ing with percentages are probably the
best example of this difficulty.

Rate | problems resuit when the
rate and the value of independent
variable quantity are given (usually ir
units of measurement) and the value
of the dependent variable, usually a
total, must be found (fig. 13):

i‘red pays $12 a square yard for
outdoor carpeting. How much will
16 square yards cost him?

The resulting application.

total cost
= cost/sq. yd. X number of sq. yd.
= §$12/sq. yd. X 16 sq. yd. = $192,

is the easiest of the rate situations (0
use.
Rate 2 problems result when the
rate and the value of the dependent
variable are given and the value of the
independent variable is sought (fig.
14):

Jane pays 3162 for carpeting at $9a
square yard. How many square
yards does she get?

We have
$162 = §9/sq. yd. x Dsq. yd.

or

$162
e = 8.
$9/sq. yd.

sq. yd. =
Rate 3 problems result when the
values of the dependent and indepen-
dent variables are given and the ratio
or comparison rate is sought (fig. 15):

Peter paid 3342 for 200 eight-foot
two-by-fours. What was the cost in
dollars of each two-by-four?

We have _
$342 = §f_J/board x 200 boards

April 1986

the cost in doflars of each 2 x 47

Fig. 15 A rafe 3 problem: Pater paid $342 for 200 eight-foot 2 x 4's. What was

v/

200 pieces
Cost=  §342
? = —;——cg‘i————
# of pieces
or
$342
I —— Table {
$ cost/board 200 boards A Matrix to Record the Pairs in Figure
= $1.71/board 1
Skirts
Selection Probiems Sweaes. 1 2 3 ¢ 3
A Al A2 A3 A4 AS
Among the most difficult problems are B 8.1 B,2 B3 B.4 B.S
those that require multiplication. C .1 C2 ¢33 C+s G

These belong to a more general group
of selection procblems.

Selection | problems involve simple
ordercd pairs where the choice sets
for each element of the ordered pair
are given and the number of ordered
pairs possible is sought. The pairs are
ordered in the sense that one choice
set is associated with one element and
a second choice set with the other. No
ordering occurs in the writing or se-
fection. In the following example,
(skirt, sweater) is not different from
(sweater, skirt). See figure 16.

Amy has 3 sweaters with different
patterns. She also has § different
skirts. How many outfits consisting
of a sweater and a skirt are possi-
ble?

The pairs can be determined from a
matrix (tabie 1) or from a *°“factor
tree.’” Either way, mualtipiication is
used: 3 X § = IS outfits.

Selection 2 problems result when
one choice set and the number of pairs
are given and the other choice set is
sought. These problems are similar to
selection 1 problems.

183

Selection 3 problems invoive tri-
p'es, quadruples, or other extended
n-tup s (n > 2) and the choice sets for
each place in the a-tuple.

Frank has 5 sport coats. 3 vests,
and § pairs of trousers, all of which
are color compatible. How many
different outfits consisting of a sport
coat, vest, and pair of trousers are
in his wardrobe?

Here a 3-tuple must be formed
(sport coat, vest. trousers) where or-
dering is not important. Finding the
total number of 3-tuples uses the mul-
tiplication principle: S X 3 X § = 75,

Selection 4 problems give the num-
ber of n-tuples and the sizes of all but
one choice set, which is sought. An
exanipie follows:

Frank can make 24 different outfits
consisting of a sport coat, vest, and
trousers. He has 3 sport coats and 4
pairs of trousers. How many vests
does Frank have?

k]



Fig. 16 A saiecton 1 problem:
Amy has 3 sweaters with diftarent
paitems. She siso has § skirts of
MdaMam
ere poasihie?
A //___m
— &
Sy
\E.
8
— A
—B

This is a two-step problem: first mul-
tiply and then divide, or successively
divide.

The selection group of problems
involves the multiplication princi

Fg. 17 cm&esmummwmmmmam
mmWM4mdemm.Hmmwmnmm
' vColumns' y ;
<
W .
S .
o Tiles
o >
e |
i
Table 2
Change Problems
{Change 1) Fred has 3 boxes with 4 cars Ieitinl (smysfler) set sizes and
Repeased in each box. How charge sumber known;
:radoesl-'redbnv':'?ny queston sbout final (larger)
set.
(Change 2) Jean had 12 cookies. She Initial (larger) set and final
Rmn;bmctim(m gw;mﬁeﬂwmhﬁ (samailer) set sizes known:
surement fricnds, many question about change
her friends got cookies? number.

(Change 3) Paol had 24 marbles that he Initial (larger) set and change
e 3 g ' ‘ : 8
Partitioning into equai sets amywmm nm&mmdw
samre aumber of marbles. {smaller) sets.

mmym\gyesdid

ables simultaneously. Selection 1
problems can be thought of as cells in
a matrix. The thinking needed to soive
them is similar to that used to solve
area problems, such as being given
two dimensions and finding the area
and being given the area and one
dimension and finding the other di-
mension,

Overview

If students are going to apply multipli-
cation and division to everyday situa-
tions, they must have experience with
materials that represent these dif-
ferent situations.

The change situations that iavolve
joining and separating can be intro-
duced with materials that can be
joined, separated, and arranged.

134

Unifix cubes can be used 10 illustrate
repeated additions and repeated sub-
tractions as well as measurements.
Ceramic tiles can also be used to link
the idea of repeated addition to area
(fig. 17). The measurement concept of
division can also be introduced with
tiles. The following kinds of questions
can be asked:

* Given 24 tiles, how many rows can
be made with 4 tiles in each row?
* Make 4 rows of 6 tiles each. How

many tiles are used?

Beans and paper cups can be used to
give experience with the partition -
terpretation of division as well as to
the repeated-addition and repeated-
subtraction interpretations of multipli-
cation and division. Some examples

Arithmetic Teacher
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Tabils 3

Compare

Problem :

title Ssmple problem Charucteristics

Compare 1  Joullen has 3 pairs of sandais. She has 4  Referent wec and
m.sn:;mdmm deace known; question sbout the com-
many pairs of shoes does she have? panson set.

Compsre 2 hmmmmksg:uﬂoswmsn Comparison set and b eor:-e
many pennies as many spondency known: question about
pennies does Pt have? referent set.

Compare 3 Donald has S marbles. Peter hay 15 mar-  Comparison set and referent set given;
bles. Peter has how times as qmmmdd(my-g-oml
maay marbies as correspoadence.

Compare 4 Bmietmlﬁwlmcbl«mand«iml- Comparison set and referent set giver:

blouses. Her colored blouses are mmmd(m«:ﬂnyl
whx(ﬁ;ucmaal)mdherwm correspondence.

Compare 5 &udﬁs&mmléboyswlzwsﬂm Cmnpur_i:nmu::‘mfum:ugim;
are maay times as many boys as questian about the (many-to-many)
girls? commespondence

Compare 8 QOur cizss has 16 boys and 12 giris. The Cmmu;dnfammsim:
g:mm(fmcmmﬂmof the mmm many-{O-mAnY COSTe-
Compare 7 Fmdha:?ﬁhse?ﬁl‘l‘?mmuﬂemmas Commsetmdmny-m-myco;f
many cards as . How meay mponm ven; shout ref-
cards does Jim have? o Question
Compare 8 Erica hasm}cskmckenm has 4/5 as Rm and many-{o-many corre-
man ers as ow many given,; question R com-
suck’;ndoesf*myhave" parison set. 9
Table 4
Selaction Pro'‘ems
Froblem title Sample problem Charscteristics
Selection 1 Paula has 3 kinds of cheese and 2 Number given from which to sclect
kmdsofm How many dif- for pair clemesi: question
ferent cheese-and-sausage pizras abouxt sumber of pairs possibsie.
can she make?
Selection 2 mensmwmm Number in one choice st and num-
He has 6 kinds of ber of pairs given: uestion about
cheene ow many kinds of sau- sumber in other choice oet.
sngedncahchve"
Dave bas 3 different-sized sets of Number given from which to choose
exiended a-tuple  wheels, 4 kinds of bodes, and 3 for in a-tuple: ques-
motors. How manay differ. tion about sumber of pos-
ent cars with wheels, a body, and gible.
a motor can be put
Selection 4: Dave has 3 different-sized sets of Numberglvenfmmwh'd!mchoose
extended mtuple  wheels and 4 kinds of bodies: he for al} but one position in A-tuple
can make 96 differont carns with and aiso number of a-tuples: ques-
many different kinds of motors
does he have?
Table 5
Rats Prabiems
Froblem )
title Sampie problem Chamacteristics
Rate i Lisa bu Smdpohsbatsonpef Cnmthcmemmmm
&hu the total cost sbie vaige; qmsmhmmcdqwm-
Rate 2 mmammmmmm &mmmmmmm
wumwmmm vajpe: question is sbout the indepeadent
prica?

Rate 3 Cmmnm!&mmnsm mmmdmwm:ﬂ-
Whaxls?herawwmmmpa dependent variables; question is about

i35

are the following:

e Given 21 beans. put 3 beans in cups
until the beans are gone. How many
cups did you use?

e Given 35 beans, put an equal num-
ber of beans into each of 5 cups.
Ho'v many beans are in each cup?

o Given 4 cups, put § beans in each
cup. How many beans were need-
ed?

The ratio comparison situations can
be introduced with two different
shapes, two different colors of chips
or cubes. or any other matenals that
can be put into sets and compared
using the multiplication- and division-
related questions in the examples.

The selecrion ideas can be intro-
duced best with colored cubes or sev-
eral geometric shapes in different col-
ors, forming pairs and triples of these
materials. Subsequently using situa-
tions that involve items from the stu-
dents’ experience, such as stickers,
pizza toppings. clothing, and record
labels, can help children apply these
basic ideas of muiltiplication to the
real world.

Rate problems should probably be
introduced after establishing the idea
of a constani rate of change in two
related variables. This introduction
must be done siowly and s-arefully ard
timed to the stage of cognitive devel-
opment of the students. The demands
are primarily on the proportional-
reasoning capability of the students.

Introducing problems involving
such relationships as distance =
time X rate, cost = cost/unit X units,
and percentage = perceat > base
should be within the more general
context of rate of change. Otherwise
students may substitute values into
formulas without understanding the
processes involved.
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Mathematician:

| completed each tabie of vaiues for D and I, found the constant change in
D and the rule and graphed this.”

TABLE GRAPH

t 10 | ChangeinD

RULE: - . _._——————-r-z;

I | D Change in D

”_——]_

|




Mathemstician:
"] found rules for the graphs given.”
RULE
GRAPH _
RULE:
s
J -
$
: RULE:
-
1
|
; RULE:
‘! . ' _ 10388




Methematicien:

"I chenged the praducts in sums or differences as indicated.”

Preduct Sum or Differeacs | Showa ss eqguel
Example:
3(7+5) 3(7) +3(5) 3{12)=36; I{7)+3(5)=21+15=36

P ) - A — -

oy

L3
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Mathematician.
"I completed the following showing how a product is expressed as a
sum or difference of products.”

PRODUCT SUM OR DIFFERENCE
Example: 5(7 + 3) . SX7+5%x3=35 +15=50
i
6 (4~ 2)

Brx4-6%2=24-12=12

6.9.89 1




Mathomeotician:

"l shewed the equality between edding twe arrags and e single arrag
in these exercises.”

Glven erray Two arrags Namber 3eatences

Example:
5{(7+ 1

Sx8=40 14 S (7+1)=5x745x1=35+5=40
5{S + 3) S(642)= s L+TxL= 3 ¢ 18 =HO
5¢(4 + 4) $5(5+3): SRS +5%3 = 25+15=Yo

sS4+ = Sxbdsxy L e+20=4o

288927




Mathematician: — i —
"I first estimated these lengths, then measured them in BOTH inches and centimeters.”

TO THE NEAREST

LENGTHS MEASURE WHAT PART OF A UNIT?
'inches
centimeters
inches
centimeters
AN et
‘El{llC <« U2 C.r2.¥5. 1




Mothematician. e
"1 used a graph paper transparency to find the ereas of these shapes "

SHAPE AREA

<2

3
Lo




s
%

tMathemaeaticion:
"1 used the graph paper transparency to find the areas of these triangles.”

204 6.12855




Mathematician:

"1 shaded the bars to show ths fractions given. Thun | joined the
parts, found thz difference betwasn the perts and compared the
parts (wo ways.”

JOINED + =

DIFFERENCE = -

COMPARED
LARGER TO SMALLER + =

COMPARED
SMALLER TO LARGER = +

JOINED + =
DIFFERENCE = -

COMPARED
LARGER TO SMALLER + =

COMPAREW
SMALLER TO LARGER

n
4

J 710t §8




HMathematicien:
“1 did the multiplications, drew a picture of the hundreds, ten and
ones, ragrouped where needed and completed the computation form.”

HMultiplication Bass Ten Blocks : Expanded form

11788




Mathematician:
"1 used base ten blocks to do the HORIZONT AL multiplications. | recorded the
partial products feund.”

MULTIPLICATION FINDING THE FOUR PARTIAL PRODUCTS FINAL PRODUCT

1.

2.

Total:

6.12894

)
(S
-J




HMaothematicion:

"1 did these divisions by places, using base ten blocks. I put the base ten
blocks into a rectangle as | subtracted them in the division.”

DIVISION PICTURE ANSWER

6.12893

. 208




Mathemetician:

“| found the PERIMETERS for these shapes.”

ftoee




fathemneatician:
] fouad the AREAS or missing parts of these rectangies and paralliclograms.
1 wrote the AREA INSIDE and labelled the missing paris.

Example:

\ 0
El{lC & 1 0 12998




GEOBLOCKS

TRIANGULAR PRrisms

e

2




GEOBLOCKS

RecTanGuLAR PRIsMs

2
2

PYrRAMID




“1 mede the geoblocks shawe eut of blacks like the one given.”

4!
P
Qo




Methematicien:

“One geajacket has 1ines of symnatry drewn. | drow lines of symmetry in the
others given where possible.”
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Mathematicien:

"1 edded numbers te beth sides or subtrascted numbers from both sides

te find the number for

OPEN SENTENCE

-

WHAT | DID

U e

112288



fiatbematician:

“i{ wrote opon sentences to show the Mrd remaved ar sdded + and -
chips a3 needed to selve for .

—
Equality Board Open Sentence The number for l
—_——
: oy
ic el /2858




Mathem~tician:

“1 did these multiplications using base ten blecks and wrote the resultls
in herizontal form. | did all carrying before recording.”

COMPUTATION STEPS NUMBER SENTEMCE

} TENS X TENS —— Hundreds
TENS X ONES S | Y
OMES X TENS —  Tens
ONES X ONES —fines

Hundreds

Tens
—_— Tene
—_— Ones

—— Hupdreds
Tens

—  Tene

—_— Ones

——  _Hundreds
Tens
Tens

—— fines

oD
Pk
2
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Methematician:

“{ used base ten blecks at first to do these additions ip horizentel form
+going aleng & line like we reed) "

COMPUTATION

STEPS

RUMBER SENTENCES

TERS AND TENS

ONES AND ONES

Tems

—  Dnes

Tens

— Ones

Yens

———_ Dnes

Tens

— (Omnes

Tens

e

&
[ =Y

&

Yens

— Dnes




Mathematician

“For each group of 3 numbers, | wrate a story using these. The
circied number snswers the question in each stery preblem.”

NUMBERS GIYEN STORY PROBLEM

2
o
<
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"NOT™ LABEL CARDS

NOT BLUE MOT RECTANGLE
MOT GREEN MOT CIRCLE
MOT RED MOT LARGE
MOT TRIANGLE NOT SMALL

MOT SQUARE

P2y



LABEL CARDS

RED

CIRCLE

/“_\1
(\_/’
BLUE RECT ANGLE
GREEN LARGE
TRIANGLE SMALL

/]

SQUARE




Mathemtician:
“| wrote statements TRUE of the given set of sttribute blacks, and
found a piece that would make one of these FALSE."
TRUE STATEMENTS PIECE "0 MAKE STATEMENT FALSE

&2
o
s

C 8392,



Methematician:

*1 serted the blocks inte each region. | vrote a descriptien of the blecks
fineachof regions 1,2, 3and 4.

REQUIREMENTS

DESCRIPTIONS

T
\
& N

» W N

p ON

[ AW
o
ot
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Mathematicisn:

“{ sovrted the picces sccording te each set of requirements and drew
pictures of the pieces in each place.”

112488




Mathemetician:

"I wrote IF-THEN sentences for the collections given that are TRUE.
For each TRUE statement, | found a piece that would make it FALSE
whea added to the collection.”

PIECES GIYEN TRUE STATEMENTS PIECE TO MAKE GIVEN TRUE
STATEMENT FALSE

11258
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Mathematician:

“l drew geejackets fer the block showa.™




SPINNER TALLIES

RED BLUE GREEN

3 a\.81.4



SPINNER BASE TEMPLATE

RED BLUE

GREEN ” GREEN

BLUE
RED

RED
BLUE

Make the pointer from cardboard. Use a paper fastener
and a small washer t~  asten it to the center of the
spinner base.
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TALLIES TOTALS
HEADS
TAILS
TOTALS 50
Fraction of Heads 50
Fraction of Teils 50
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Mathematicisn:

“For each balance beam shown | found the weight needed to balance it
ar the distance the weichts given had to be placed to bslance it.”

BEAM WEIGHT MEEDED NUMBER AT WHICH
TO PLACE WEIGHT

iof9(al7l6 |5 |5 |2 |1 slafs [6 |7 10

tojols|7le [s|as |2 |1 3lals le |7 10

10|99 /e8| 7|6 [s|a3 |2 |1 3jlabs |6 |7 10

wofofefzle [sTep |2 [ slals [s [+ 10

10/9{8]|7]6 |54 |21 3la 5 |6 |7 10

holoje|7le |s|a]s [2 |4 3lal5 [6 (7 10

pojefs|zie Is|sfs |2 |1 3j45 |6 |7 10

Q 23{’ S.81.¢%.




Mothematician:
“For each belance bezam shown | found the weight needed to balance it

or the distance the weights given had to be placed to balance it.”
BEAM WEIGHT NEEDED NUMBER AT WHICH

TO PLACE WEIGHT

hojojefzjs [sjafs |2t |1]2]3]as [ [7]e [ ]i0

109876543211234;5678910

t0{9 je |76 |5 |43 |21 ]|1|2]|3]a|5 |6 [7]e]s]r0

109&:76543211234[56?8910

oj9 8|76 (5|43 ]2]|1|1|2{5|lsl5 |6 [7]a]a]i0
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